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This Lecture

¥ In this lecture series, IÕll give a brief overview of some most widely 
used tools to test cosmological models against observations

¥ To put things into context, the Þrst lecture will be an overview of 
theoretical possibilities. The idea is to give sufÞcient information for 
people to appreciate the diversity of models, the basic logic of how 
such a huge number of models should be studied, and the need for a 
range of tools/methods/algorithms to study them

¥ It is not our aim to give a comprehensive review of all models

¥ The next few lectures will be about the tools/methods/algorithms 
themselves, and how these can be applied to test models with 
observations
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Challenge from the Cosmic Acceleration

¥ It is well established that our Universe has been experience a phase 
of accelerated Hubble expansion

¥ Although a cosmological constant can explain most data to date, it is 
theoretical difÞcult to contrive an extremely tiny value that is 
required to match observations

¥ Many alternatives have been proposed, but 20 years on there is still 
no commonly agreed preferred model

¥ With observational data to improve vastly in the coming years, it is 
time to reconsider the whole picture and our position in it, and equip 
ourselves with essential tools to tackle this challenge
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2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYOND ! CDM

From the point of view of cosmological simulations, these models are not particularly complicated. As long
as we know how β evolves in time, or have a parameterisation for that, we can simply re-scale all gravitational
forces in the simulation by (1+2β). Alternatively, we can directly use the Yukawa law (or the Green’s function
method) in the calculation of the fifth force.

However, in general, models with varying G have difficulties to reconcile with precision tests of GR in the
Solar system. To solve this problem, it is some times assumed that the fifth force is only felt by dark matter and
not by normal matter: as Solar system tests are performed with normal matter, their constraints may not apply.
In recent years, however, great effort has been devoted to designing models in which the fifth force is felt by all
matter species, but its amplitude is suppressed by certain mechanisms in environments which mimic the Solar
system. In this way, existing Solar system constraints on the fifth force can be evaded automatically. Some of
these models will be discussed in the next few subsections.

2.2.3 Chameleon models

Rµν !
1

2
gµνR = 8πGTµν

"
(

ȧ
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Einstein’s equation

Friedmann equations

curvatures

expansion rate

acceleration rate

energy momentum tensor 
(dark and normal matter)

The Previous Cosmological Model

ä > 0: accelerated expansion
ä < 0: decelerated expansion
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Why does the Previous Model Fail?

Observations (SNe, 
BAO, CMB, LSS, etc.): 
Š > 0

Cannot be explained by 
the Friedmann eqn. 
with normal matter

energy momentum tensor 
(dark and normal matter)
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Where could the Previous Model Fail?

Observations (SNe, 
BAO, CMB, LSS, etc.): 
Š > 0

misinterpretation of data?

gravity theory incorrect 
on large scales?

missing matter species 
in our current model?

mistreatment in applying GR?
backreaction

dark energymodified gravity
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Cosmological Constant

¥ ΛCDM is the current standard cosmological model 

¥ The simplest possibility: a mysterious term with constant (in time) 
and homogeneous (in space) energy density as the Universe expands

¥ But not so simple: quantum Þeld theory predicts quantum 
ßuctuations in vacuum, which behave like a cosmological constant 
macroscopically, but the value is ~10120 times too large!

¥ Commonly assumed that exact cancellation due to some symmetry 
makes this vacuum energy exactly zero, and some other mechanism 
generates a small value that we observe today

¥ Multiverse & anthropic principle?
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new degrees 
of freedom

none

scalar 
(spin-0)

vector 
(spin-1)

tensor 
(spin-2)

modified source gravity

f(R) gravity

teleparallel and f(T) gravity
Einstein Aether gravity

massive gravity
bimetric gravity

screened unscreened

scalar 
tensor type

derivative 
coupling type

constant coupling varying coupling

chameleon models
symmetron models

dilaton models

DGP braneworld model
Galileon gravity

k-Mouflage gravity
kinetic braiding model

modified Gauss-Bonnet gravity
coupled quintessence models
extended quintessence models

Alternatives?
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What should We Expect to Learn? 

¥ As the previous slide shows, there is a vast number of models, most 
of which are phenomenological, despite peopleÕs claims that they are 
motivated by theories of fundamental physics

¥ Cosmological constant (single) vs. alternatives (many)

¥ Observations do not (yet) have sufÞcient precisions to reveal the 
fundamental nature of the true model

¥ As such, these models are better to be used as what they really are: 
toy models the constraints on which can tell us how much deviation from 
ΛCDM (in every known direction) is allowed

¥ ConÞrmation of no deviation from ΛCDM will still be useful, as it will 
rule out many possibilities and precisely test GR on cosmic scales
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Should We Study All Models in Detail?

¥ Unlike simple ΛCDM, many of the non-standard models are very 
complicated: impractical to study them all in great detail

¥ Many of them share similarities in their cosmological behaviours: 
unnecessary to study them all in great detail

¥ A more efÞcient way is to abstract the most representative models 
and their properties, categorise them and parameterise them, in the 
hope that studies of such models/parameterisations could lead to 
generic conclusions?
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Examples of Parameterisations (1)

¥ The simplest and most well-known parameterisation is one that 
works for the dark energy equation of state w = PDE/ρDE

¥ For example: w(a) = w0 + w1(1-a)

¥ The parameterisation can be used to study cosmology (e.g., the 
background expansion history) without knowing a speciÞc model

¥ In appropriate limit, e.g., w0! -1, w1! 0, the parameterisation gives 
the ΛCDM model as a special case. Therefore, constraints on the 
parameters w0 and w1 can tell how much deviation from ΛCDM is 
allowed by observations.
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Examples of Parameterisations (2)

¥ Another often used example is the parameterisation of the Newton 
constant, which often gets modiÞed and becomes a function of space 
and time in non-standard models

¥ For example: G(k, a) in Fourier space

¥ Again, this goes back to G(k,a)=GN (the standard value of NewtonÕs 
constant) at early times (a! 0) and/or on large scales (k! 0). The 
parameterisation is controlled by a parameter m, which can be 
constrained by observations
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Examples of Parameterisations (3)

¥ At perturbative level, there exists a theoretical framework according 
to which, if certain (reasonable) assumptions are made, then the 
equations governing the evolution of large-scale structure have 
unambiguously Þxed forms. Such assumptions include:

¥ the model respects general covariance (is a basic property of GR); 

¥ the field equations are coupled differential equations not containing higher 
than second-order derivatives; 

• the basic content of the new physics is known, e.g., it is scalar field;

• the background evolution in the model is fixed.

¥ Will not discuss further here: interested people check literature
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Drawbacks of Parameterisations

¥ It is a tradeoff between being sufficiently generic and being reasonably 
faithful. For example, if a parameterisation only works for one speciÞc 
model, there is no advantage at all; but if it is designed to capture one 
or two properties of many models, it will fail to capture all properties 
of individual models given the rich diversity of models.

¥ There is still a degree of guesswork as to what the parameterisation 
should look like: it cannot be arbitrary, because otherwise it may not 
represent any known model.
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Categorisation + Parameterisation

model A
model B
model C

model D
model E
model F

model G
model H
model J

...

parameterisation I

parameterisation II

parameterisation III

...

Group similar models together before parameterisation
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f(R) Gravity - an Example

varying model parameters 

By varying the parameter used in the parameterisation, one can 
get a range of qualitatively different behaviours seen in many 
other models. A representative model that can be a good testbed.
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Scalar Fields

¥ Scalar Þelds are the most popular candidates of nonstandard models to 
explain the cosmic acceleration, and will be focus of this lecture series.

¥ So what is a scalar Þeld?

¥ ItÕs a Þeld that permeates space and exists everywhere, like the familiar 
electromagnetic (EM) Þeld. The difference is that an EM Þeld is a vector 
Þeld (e.g., the electric Þeld as 3 components), while a scalar Þeld is a 
scalar (i.e., it has one value at each space point)

¥ The Þeld quanta of the EM Þeld is photon (spin-1); the Þeld quanta of a 
scalar Þeld is a spin-0 particle, e.g., Higgs boson.

¥ But in cosmology we are primarily interested in classical scalar Þelds 
(not quantised particles)

17



Scalar Fields: Analogy to EM Fields

vector field scalar field

examples the EM field the Higgs field

energy & pressure

self interaction

other interaction

dynamical eqn. Maxwell eqn. Klein-Gordon eqn.

charged particles ‘charged’ particles

E with M usually yes

yesyes

symbol E, B ϕ
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Quintessence Scalar Field

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYOND ! CDM
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not by normal matter: as Solar system tests are performed with normal matter, their constraints may not apply.
In recent years, however, great effort has been devoted to designing models in which the Þfth force is felt by all
matter species, but its amplitude is suppressed by certain mechanisms in environments which mimic the Solar
system. In this way, existing Solar system constraints on the Þfth force can be evaded automatically. Some of
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Scalar Field Dynamics

scalar field in a 
Minkowski space
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Scalar Field Dynamics
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Scalar Field Dynamics
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ä
a

= !
4

3
πG(ρm + 3Pm)

G(k, a) =
4a2k2 + 3m2

3a2k2 + 3m2 GN (13)

ρ(ϕ) =
1

2
ϕ̇2 + V (ϕ)

P(ϕ) =
1

2
ϕ̇2 ! V (ϕ)

!ϕ+
dV (ϕ)

dϕ
= 0

"

ϕ̈+
dV (ϕ)

dϕ
= 0
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ϕ

V(ϕ)

If the potential is 
sufficiently ‘flat’, the 
scalar field would 
‘slowly’ roll down the 
potential hill.
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Quick Exercises

¥ Convince yourself that the above analogy of the evolution of a scalar 
Þeld to the rolling of a ball in a potential works (we will use it below)

¥ Assuming that dV(ϕ)/dϕ is small and therefore can be neglected, solve 
the remaining part of the scalar Þeld dynamical equation and explain 
why the Þrst time derivative of ϕ will be small
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Dynamics of a Quintessence Field

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYONDΛCDM

The succinct form of the above equations should in no way hidethe wide variety and potential complexity
in scalar Þeld cosmological models. This is because, as we will see in the next subsection, the functional forms
of F,G andβ can be quite cumbersome and often involve a high degree of nonlinearity for certain interaction
types. Since we still have no clue as what type of interactionis closest to the truth, the strategy is to classify the
different types and study to what extent each of them is allowed by observations.

2.2 Examples of Scalar Field Models in Cosmology

In this subsection, we shall give a number of examples of scalar Þeld models which are classiÞed according to
the interaction (or the lack of it) that is involved. This will serve as a brief overview of the popular models that
have been studied in the literature, and this will also be useful because the different classes of models are likely
to require different numerical algorithms to study. The classiÞcation, however, is not based on the fundamental
origins of models, as models motivated by different considerations can have similar equations and behaviours.
Nor shall we dedicate ourselves to drawing a complete list ofmodels, for which there are already various review
papers.

2.2.1 Quintessence models

This is the simplest possibility, in which the scalar Þeld has no direct interaction with normal matter, and only
interacts with itself very weakly. This means that in Eq. (3)we haveβ = 0 andG = G(ϕ) = d V (ϕ)/dϕ ! V,! .
The scalar Þeld equation therefore becomes

¬ϕ + 3
úa
a

úϕ + V,! = 0 . (4)

AsG speciÞes the self-interaction of the Þeld, a weak self-interaction meansV,! " 0, orV (ϕ) being ßat. This
gives rise to two important properties:

(i) The Þeld evolves slowly in time. NeglectingV,! in the above equation, we can Þnd the solutionúϕ " a! 3

so that asa Ð which characterises the size of the Universe Ð increasesúϕ quickly diminishes. The energy density
and pressure of the scalar Þeld are given by

ρ! =
1
2

úϕ2 + V (ϕ), (5)

P! =
1
2

úϕ2 # V (ϕ), (6)

in which the kinetic energy1
2

úϕ2 almost vanishes and so the potential energy dominates. Withúϕ " 0,ϕ " const.
and so the energy densityρ! stays close to a constant. The situation is a similar to a point mass that rolls slowly
in a potential well.

(ii) The Þeld varies slowly in space. To see this, let us splitthe scalar Þeld into a background part depending
on time only, and a perturbationδϕ: ϕ(x, t) = øϕ(t)+ δϕ(x, t). Assumingδϕ is small, the scalar Þeld equation,
Eq. (3), can be linearised to Þnd the following dynamical equation:
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in which we have deÞnedV,!! ! d2V (ϕ)/dϕ2. The Þrst 3 terms correspond to a 3-dimensional wave equation
with friction or ÔdampingÕ caused by the expansion of the Universe, and the wave travels at the speed of light
(c = 1 in our unit convention). Therefore, in the absence of the remaining terms, any initial small perturbation
δϕ will escape and decay, and therefore the Þeld conÞguration tends to become more homogeneous. The last 3
terms in the equation can be considered as external forces resulting from the interaction of the scalar Þeld with
itself (the fourth term) and with gravity (curvature). The latter are usually small, while in quintessence models
we have seen that the former is negligible as well (V,!! " 0). Without a strong external force,δϕ will not grow.

5

¥ Small spatial perturbations of the scalar Þeld, written as ϕ(x ,t) = ϕ(t) + 
δϕ(x ,t), satisfy the following linearised equation:

green: standard wave equation
blue: damping/friction term
red: external driving force
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Dynamics of a Quintessence Field

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYONDΛCDM
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with friction or ÔdampingÕ caused by the expansion of the Universe, and the wave travels at the speed of light
(c = 1 in our unit convention). Therefore, in the absence of the remaining terms, any initial small perturbation
δϕ will escape and decay, and therefore the Þeld conÞguration tends to become more homogeneous. The last 3
terms in the equation can be considered as external forces resulting from the interaction of the scalar Þeld with
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5

¥ Small spatial perturbations of the scalar Þeld, written as ϕ(x ,t) = ϕ(t) + 
δϕ(x ,t), satisfy the following linearised equation:

If the potential is sufficiently ‘flat’, V,ϕϕ = d2V(ϕ)/dϕ2 is 
negligible, and so as the other terms in the red box. The wave 
is damped with no driving force; and δϕ decreases in time. 
This means that any small perturbation in the scalar field 
dies off, and the field becomes increasingly homogeneous.
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Rich Phenomenology of Scalar Fields

¥ The quintessence model described above is perhaps the simplest scalar 
Þeld model that is of interest in cosmology

¥ In it, a single scalar Þeld has a self-interaction described by a potential  
V(ϕ), and has no interaction with anything else 

¥ In practice, however, the lack of clue about the fundamental origin of 
the cosmic acceleration means that we cannot simply rule out other, 
more complicated possibilities

¥ These include: multiple scalar Þelds, scalar Þeld self-interaction 
described by a non-standard kinetic energy, scalar Þeld interacting with 
normal and/or dark matter, scalar Þeld interacting with space-time 
curvature, etc.
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Coupled Scalar Field Models

¥ Most scalar Þeld models involve some sort of interaction with the rest 
of the Universe: normal matter, dark matter, curvature, etc.

¥ Here we consider the most widely studied form of such interaction:

self interaction

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYOND ! CDM
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2.2.4 Symmetron and Dilaton models

2.2.5 K-moußage models

2.2.6 Vainshtein-type models

8

interaction with 
other matter
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Coupled Scalar Field Models

¥ The interaction between the scalar Þeld and matter will naturally:

¥ change the dynamics of the scalar Þeld, which can be seen from the 
dynamical equation directly

self interaction

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYOND ! CDM
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Coupled Scalar Field Models

¥ The interaction between the scalar Þeld and matter will naturally:

¥ change the dynamics of matter particles. This change can be written 
either in the form of a new force on particle acceleration equations, or 
as an additional term in the Poisson equation (we use the latter here)

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYOND ! CDM
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! · E = !

! " E +
" B
" t

= 0

! " B #
" E
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2.2.5 K-moußage models

2.2.6 Vainshtein-type models

8

standard Poisson 
equation

additional term arising from 
the interaction with scalar field. 
This actually is a nuisance, as 
such an extra term is likely to 
violate local gravity constraints
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Screening Mechanisms

¥ A great effort in recently studies of scalar Þeld cosmology has been 
devoted to models with Ôscreening mechanismsÕ

¥ These are inherent dynamical properties of the theories, which ensures 
that the extra term in the modiÞed Poisson eqn becomes negligible in 
environments resembling those where local gravity tests have been 
carried out [this will be called new force later]

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYOND ! CDM
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Screening Mechanisms

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYOND ! CDM
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Screening Mechanisms

2.2 Examples of Scalar Field Models in Cosmology 2 MODELS BEYOND ! CDM
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To achieve these in dense regions require intelligent design of 
the scalar field’s self interaction and interaction with matter
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FIG. 1. Illustration of how the chameleon mechanism works. The dashed, dotted and solid curves are respectively the bare potential V (ϕ) of
the chameleon field, the coupling function and the total effective potential Veff(ϕ). Left Panel: in high matter-density regions the minimum of
Veff(ϕ) is very close to ϕ = 0 and "∇ϕ is small so that the fifth force is strongly suppressed. Right Panel: in low matter-density regions ϕ and
therefore "∇ϕ can be big, and so a nonzero fifth force takes effect in structure formation.
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for r − s = 3. The perturbation of the dark energy density,
V (ϕ) − V (ϕ̄), appears in the source for the Poisson equation
(see below), but it is generally very small and can be safely
neglected.
Given ϕ(a) and β(a), it is straightforward to find β(ϕ). For

our parameterisation using r, s, we find that
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As a result, both Vϕ and β are power-law functions of ϕ.

B. Effects of varying chameleon parameters

As shown above, our generalised chameleon theory is spec-
ified by four model parameters, namely, β0, r, s and ξ. The ef-
fect of varying these four parameters on the structure forma-
tion can be understood without solving the system explicitly.
The parameter β0, which is the coupling strength at z = 0,

controls the overall amplitude of the coupling throughout the
entire evolution history. The larger β0 is, the stronger the fifth

force is, thus the strong clustering of matter relative to that in
ΛCDM (in which β0 = 0).

The parameter r, which is the power index ofm(a), deter-
mines the time evolution of the effective mass of the scalar
field without changing m0, which is the mass at z = 0. The
smaller r is (r > 0), the lighter the scalar field is at z > 0, and
so the longer the range of the fifth force is. Due to the tomog-
raphy mapping, this also implies that the scalar field is less
heavy in high-density regions, leading to a weaker chameleon
screening and a stronger clustering of matter. Recall from the
above that we restrict ourselves to r ≥ 2.

The parameter s, which is the power index of β(a), deter-
mines the time evolution of the coupling function. The more
negative s is, the weaker the coupling between matter and the
scalar field at z > 0 becomes; because of the tomography re-
lation, this also means a stronger suppression of the fifth force
in high-density regions, and therefore weaker matter cluster-
ing. Note that here we restrict ourselves to s < 0 to avoid the
anti-chameleon effect: this can be seen by looking at Eq. (27),
which shows that the coupling is stronger in high density re-
gions, or Eq. (20), which shows that the coupling is stronger at
earlier times. The situation is worse if r − 3/2 ≤ s ≤ 2r − 3,
which implies that A(ϕ) decreases with ϕ by Eq. (26), and
there is no longer any minimum for Veff .

The parameter ξ, which is simply H0/m0, essentially sets
the effective massm of the scalar field (and thus the effective
range of the fifth force) at z = 0. In all the chameleon simula-
tions we study in this work, ξ & 1. The larger ξ is, the lighter
the scalar field is and the stronger the fifth force becomes.

In what follows, we will find that the N -body simulations
confirm this analysis and also quantify these effects.
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FIG. 1. Illustration of how the chameleon mechanism works. The dashed, dotted and solid curves are respectively the bare potential V (ϕ) of
the chameleon field, the coupling function and the total effective potential Veff(ϕ). Left Panel: in high matter-density regions the minimum of
Veff(ϕ) is very close to ϕ = 0 and "∇ϕ is small so that the fifth force is strongly suppressed. Right Panel: in low matter-density regions ϕ and
therefore "∇ϕ can be big, and so a nonzero fifth force takes effect in structure formation.

for r − s "= 3 and

κV (ϕ) = κV0 −
27

r
Ω2

m β2
0ξ

2H2
0 log

[

r

9Ωmβ0ξ2

ϕ

MPl

]

(25)

for r − s = 3. The perturbation of the dark energy density,
V (ϕ) − V (ϕ̄), appears in the source for the Poisson equation
(see below), but it is generally very small and can be safely
neglected.
Given ϕ(a) and β(a), it is straightforward to find β(ϕ). For

our parameterisation using r, s, we find that

A(ϕ)
.
= 1 +

[

β0

(

9Ωmβ0ξ2

2r − s− 3

)

s
2r −s−3 2r − s− 3

2r − 2s− 3

]

×
[

ϕ

MPl

]

2r −2s−3
2r −s−3

(26)

and

β(ϕ)
.
= β0

[

2r − s− 3

9Ωm β0ξ2

ϕ

MPl

]− s
2r −s−3

. (27)

As a result, both Vϕ and β are power-law functions of ϕ.

B. Effects of varying chameleon parameters

As shown above, our generalised chameleon theory is spec-
ified by four model parameters, namely, β0, r, s and ξ. The ef-
fect of varying these four parameters on the structure forma-
tion can be understood without solving the system explicitly.
The parameter β0, which is the coupling strength at z = 0,

controls the overall amplitude of the coupling throughout the
entire evolution history. The larger β0 is, the stronger the fifth

force is, thus the strong clustering of matter relative to that in
ΛCDM (in which β0 = 0).

The parameter r, which is the power index ofm(a), deter-
mines the time evolution of the effective mass of the scalar
field without changing m0, which is the mass at z = 0. The
smaller r is (r > 0), the lighter the scalar field is at z > 0, and
so the longer the range of the fifth force is. Due to the tomog-
raphy mapping, this also implies that the scalar field is less
heavy in high-density regions, leading to a weaker chameleon
screening and a stronger clustering of matter. Recall from the
above that we restrict ourselves to r ≥ 2.

The parameter s, which is the power index of β(a), deter-
mines the time evolution of the coupling function. The more
negative s is, the weaker the coupling between matter and the
scalar field at z > 0 becomes; because of the tomography re-
lation, this also means a stronger suppression of the fifth force
in high-density regions, and therefore weaker matter cluster-
ing. Note that here we restrict ourselves to s < 0 to avoid the
anti-chameleon effect: this can be seen by looking at Eq. (27),
which shows that the coupling is stronger in high density re-
gions, or Eq. (20), which shows that the coupling is stronger at
earlier times. The situation is worse if r − 3/2 ≤ s ≤ 2r − 3,
which implies that A(ϕ) decreases with ϕ by Eq. (26), and
there is no longer any minimum for Veff .

The parameter ξ, which is simply H0/m0, essentially sets
the effective massm of the scalar field (and thus the effective
range of the fifth force) at z = 0. In all the chameleon simula-
tions we study in this work, ξ & 1. The larger ξ is, the lighter
the scalar field is and the stronger the fifth force becomes.

In what follows, we will find that the N -body simulations
confirm this analysis and also quantify these effects.
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FIG. 1. An illustration of how the dilaton mechanism works. The dashed, dotted and solid curves are respectively the bare potential V (! ) of the
dilaton field, the coupling function and the total effective potential Ve! (! ). Left Panel: in high matter-density regions the minimum of Ve! (! )
is where the coupling strength vanishes and so the fifth force is suppressed. Right Panel: in low matter-density regions the coupling strength
does not vanish at the minima of Ve! (! ), where the dilaton field resides, and so a nonzero fifth force takes effect in structure formation.

FIG. 2. An illustration of how the symmetron mechanism works. The dashed, dotted and solid curves are respectively the bare potential V (! )
of the symmetron field, the coupling function and the total effective potential Ve! (! ). Left Panel: in high matter-density regions the minimum
of Ve! (! ) is where the coupling strength vanishes and so the fifth force is suppressed. Right Panel: in low matter-density regions the coupling
strength does not vanish at the minima of Ve! (! ), where the symmetron field resides, so a nonzero fifth force takes effect in the structure
formation.

This is the relation between the coupling at the initial time and
other cosmological times.

The initial coupling (taken at aini < aBBN ) is the same as
in dense matter on Earth and is related to the cosmological

value of β today, β(ϕ0), by

|β(ϕ0)| = |β(ϕc)| exp
!
9A2! m0H

2
0

" 1

aini

da

a4m2(a)

#
. (38)

It is possible to have a very small coupling in dense matter
(|β(ϕc)| ! 1) for any value of the coupling on cosmological
scales (|β(ϕ0)|) provided that A2 > 0 and that the time varia-

symmetry 
broken in low 

density regions
β(ϕ) ≠ 0

symmetry in 
dense regions
β(ϕ) = 0
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Vainshtein Mechanism & Models

¥ Both chameleon and symmetron (as well as dilaton models, which are 
similar to symmetron in spirit and so will not be discussed here) types 
of models rely on some sort of nonlinear self-interaction potential V(ϕ) to 
dynamically drive the scalar field to a state that minimises the new force in 
high-density regions.

¥ Though the new force can be as strong as standard gravity in low 
density regions, so there is still a cosmological effect.
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Vainshtein Mechanism & Models

¥ But a self-interaction potential V(ϕ), which is a nonlinear algebraic 
function of the scalar Þeld ϕ, is not the only way a scalar Þeld could 
interact with itself.

¥ There can also be what people call derivative interactions, which 
involve nonlinear powers of the scalar Þeld derivatives in the equation
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dense regions: ∇2ϕ small, higher order terms even smaller, ∇2ϕ 
∼ C(ϕ)ρm. New force comparable to standard Newtonian force.

underdense regions: ∇2ϕ big, higher order terms even bigger, 
∇2ϕ << C(ϕ)ρm. New force much smaller than standard 
Newtonian force and therefore negligible. Screening works.
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solid circle: Vainshtein radius
of the spherical body below which
standard gravity is recovered

dashed circles: 
regions unaffected 
by the deviation 
from GR were the 
particle isolated
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3

B. Vainshtein mechanism

The relevant Þeld equation in a spherically symmetric con-
Þguration can be written in the following form

2r 2c
3! a2

1
r 2

d
dr

!

r
"

d"
dr

# 2
$

+
1
r 2

d
dr

%
r 2

d"
dr

&

=
8#G
3!

$%ma2, (9)

in which$%m = %$is the matter density perturbation and" is
the scalar Þeld (i.e., the brane bending mode), and! is given
in Eq. (6). DeÞning the mass enclosed in radiusr as

M (r ) ≡ 4#
' r

0

$%m(r ! )r !2dr ! , (10)

we can rewrite Eq. (9) as

2r 2c
3!

1
r

"
d"
dr

# 2

+
d"
dr

=
2

3!
GM (r )

r 2
≡

2
3!

gN (r ), (11)

where for simplicity we have seta = 1 , andgN is the Newto-
nian acceleration caused by the massM (r ) at distancer from
the centre.

To further simplify the situation, let us assume that$%m is
constant within radiusR and zero outside. Then Eq. (11) has
the physical solution

d"
dr

=
4

3!
r 3

r 3"

! (

1 +
r 3"
r 3

− 1

$

gN (r ) (12)

for r ≥ R and

d"
dr

=
4

3!
R3

r 3"

! (

1 +
r 3"
R3

− 1

$

gN (r ) (13)

for r ≤ R. Here we have deÞned the Vainshtein radiusr " by

r 3" ≡
8r 2c rs
9! 2

, (14)

wherers ≡ 2GM is the Schwarzschild radius.
The Þfth force is given by1

2
d" / dr . So whenr % r " we

have

1
2

d"
dr

→
1

3!
gN (r ), (15)

meaning that above the Vainshtein radius gravity is weakened
(because! < 0 for the self-accelerating branch of the DGP
model). On the other hand, whenr ' r " we have

1
2

d"
dr

→ 0, (16)

indicating that the Þfth force gets suppressed well within the
Vainshtein radius.

As some useful examples, we have listed in the TableI the
different radii of some objects. We could see that from objects
as small as atoms to those as large as the Milky Way, the Vain-
shtein radius is signiÞcantly larger than the physical size, and
as a result the Þfth force is negligible for those objects.

TABLE I. The radiiR (physical size),rs (Schwarzschild radius) and
r∗ (Vainshtein radius) of some typical objects. Unit is meter.For es-
timation we have used! = 2

√
2/3 andrc = H−1

0 ∼ 4, 000Mpc ∼

1.2× 1026 m.

Object R rs r∗
Universe ∼ 1.2× 1026 ∼ 4.5× 1025 ∼ 8.6× 1025

Milky Way ∼ 0.9× 1021 ∼ 2× 1015 ∼ 3× 1022

Sun ∼ 0.7 × 109 ∼ 3× 103 ∼ 3.5× 1018

Earth ∼ 6× 106 ∼ 9× 10−3 ∼ 5× 1016

Atom ∼ 5× 10−11 ∼ 1.8× 10−54 ∼ 3× 10−1

III. N -BODY EQUATIONS AND ALGORITHM

In this section we describe theN -body equations in appro-
priate units and their discretised versions which theECOSMOG

code solves to do cosmological simulations.

A. N -body equations

The code unit used in our code is based on the superco-
moving coordinates of [33, 70], which can be summarised as
follows (tilded quantities are expressed in the code unit):

÷x =
x

aB
, ÷% =

%a3

%cΩm
, ÷v =

av
BH 0

,

÷& =
a2&

(BH 0)2
, d÷t = H0

dt
a2

, ÷" =
c2a2"

(BH 0)2
, (17)

in whichx is the physical coordinate,%c is the critical density
today,Ωm the fractional energy density for matter today,v the
particle velocity,& the gravitational potential andc the speed
of light. In addition,B is the size of the simulation box in unit
of h# 1Mpc andH0 the Hubble expansion rate today in unit of
100h km/s/Mpc. Note that with these conventions the average
matter density is÷ø%= 1 . All these quantities are dimensionless.

Using these quantities, the EOM of the brane-bending mode
can be written as

÷∇2 ÷" +
R2

c

3! a4

%)
÷∇2 ÷"

* 2

−
)

÷∇i
÷∇j ÷"

* 2
&

=
Ωma

!
(÷%− 1)(18)

in which we have deÞned a new dimensionlessO(1) quantity

Rc ≡
H0r c

c
=

1
2
√
Ωrc

. (19)

For simplicity, from here on we shall ignore the tildes on all
quantities in Eq. (17), and unless otherwise stated these quan-
tities are all in code unit where they appear.

Eq. (18) can be regarded as a second-order algebraic equa-
tion for ∇2" , which has two branches of solutions. To avoid
undecidedness in which branch of solution (which may cause
numerical problems in the code) to take, we Þrst solve it ana-
lytically and get

∇2" =
1

2(1− w)

+
−' ±

,
' 2 + 4(1 − w)Σ

-
, (20)

Vainshtein radius
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Environmental Dependence (Chameleon)
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does the Earth have enough particles to 
make the range shorter than ~0.1mm?

are there enough particles in the solar 
system to achieve this?

are there enough particles in the Milky 
Way Galaxy to achieve this?

are there enough particles in the Milky 
Way Galaxy’s halo to achieve this?

theory passes 
local tests

theory fails 
local tests

Environmental Dependence (Chameleon)
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Behaviour of the scalar field on small length scales can be 
affected by its behaviour on very large length scales. 

This environmental dependence means that one has to solve 
the behaviour of the scalar field in the whole  system, even if 
the aim is to study it on small scales. 

The complexity of matter distribution means that numerical 
simulations is the only way to make accurate predictions.
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