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Context

• Cosmology has entered precision era (for many years): (e)
BOSS, CFHTLenS, KIDS, DES, ...

• Next decade will see a further flux of greatly improved 
observations, DESI, eROSITA, Euclid, LSST, ...

• Ideally, we would like to use these observations not just to 
constrain cosmological parameters of the LCDM scenario, but 
also to test/exclude nonstandard models.

• This will involve connecting theoretical quantities calculated 
from the output of N-body (or hydro) simulations to 
observables. 

• Which is not always trivial, and should ideally involve 
collaborations of theorists, simulators and observers.



This Lecture

• In this lecture, I’ll review some recent results of constraining 
nonstandard models from various groups 

• I will divide these into different probes: weak gravitational 
lensing and clusters of galaxies

• Note:

• Galaxy clustering is also a potentially powerful probe, and is 
very relevant for DESI. But progress in this has been little so 
far.

• For each class of probe, there are different observables that 
can be compared with theoretical predictions
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FIG. 1. Constraints on the HS model with n = 1. Dark and light shadings indicate the 68.3 and 95.4 per cent confidence
regions (accounting for systematic uncertainties) from the following data sets: the CMB combined with SNIa+BAO (blue),
and the combination of all these with clusters (gold). In the left panel, we use WMAP+ACT+SPT as CMB data, and
Planck+WP+lensing+ACT+SPT in the right panel.

the matter power spectrum !8 ! !(r = 8h!1Mpc, z = 0)
with this parameter. In this experiment, cluster masses
are also calibrated using weak lensing data, in order
to constrain instrumental (calibration) and astrophysical
(bias due to the assumption of hydrostatic equilibrium)
systematics.
As shown in [50], we could also employ our measure-

ments of the ratio between lensing and X-ray mass esti-
mates to constrain fR0. In our current analysis, this sig-
nal would be completely degenerate with our instrumen-
tal and astrophysical uncertainties, and from our present
estimates of these systematics, we would have little con-
straining power on fR0. However, this is a promising new
avenue for the near future.

B. CMB data

For the analyses including CMB data, we use measure-
ments from either the Wilkinson Microwave Anisotropy
Probe (WMAP 9-year release; [66, 67]) or the Planck
satellite (year-1 release plus WMAP polarization data,
hereafter denoted as Planck+WP; [68]). We also use
data from the gravitational lensing potential gener-
ated by large scale structures, as measured by the
Planck Collaboration [30]. We refer to the combina-
tion of these with Planck+WP power spectrum data as
Planck+WP+lensing. Our two complete sets of CMB
data also include high multipole measurements from
the Acatama Cosmology Telescope (ACT; [69]) and the
South Pole Telescope (SPT; [70–72]).
When using CMB data, we also fit for the cosmic

baryon and dark matter densities, !bh2 and !ch2; the
optical depth to reionization, " ; the amplitude and spec-

tral index of the scalar density perturbations, As and ns;
and the characteristic angular scale of the acoustic peaks,
# (which e"ectively determines H0). We also marginal-
ize over the set of nuisance parameters associated with
each CMB data set, accounting for the thermal Sunyaev-
Zel’dovich e"ect and unresolved foregrounds.

C. Additional data sets

Certain parameter degeneracies relevant at late times,
like the one between fR0 and !m, can be helped by in-
cluding additional cosmological distance probes, such as
those using SNIa and BAO data. We use the Union 2.1
compilation of SNIa [73], and BAO data from a combi-
nation of measurements from the 6-degree Field Galaxy
Survey (6dF; z = 0.106; [74]), the Sloan Digital Sky Sur-
vey (SDSS; z = 0.35 and z = 0.57; [75, 76]), and the Wig-
gleZ Dark Energy Survey (z = 0.44, 0.6 and 0.73; [77]).
Note, however, that including these additional data sets
a"ects our results only when we use WMAP+ACT+SPT
as a CMB data set. In this case, we find that the addi-
tion of SNIa+BAO data helps in breaking the degeneracy
with !m and improves our constraints on fR0 or B0. If
instead of WMAP we use Planck+WP, the impact of
adding SNIa+BAO data is negligible (see section V).

V. RESULTS

We obtain the posterior probability distribution func-
tions (pdf) of our parameters using the MCMC engine
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varying model parameters 

By varying the parameter used in the parameterisation, one can get a 
range of qualitatively different behaviours seen in many other 
models. A representative model that can be a good testbed.
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Weak Gravitational Lensing



Weak Gravitational Lensing

• Gravitational lensing describes the effect that light rays 
(trajectories of photons) are deflected in a gravitational field.

• In strong gravitational field, the effect is known as strong 
lensing, e.g., Einstein rings.

• We will focus on the weak gravitational lensing effect, which is 
the deflection of light rays by the large scale structure. This 
will cause slight distortions of the images of distant galaxies, 
e.g., a round galaxy would appear slightly elliptical.

• However, the effect is so weak that it is dominated by intrinsic 
ellipticity and random orientations of galaxies. Instead, the 
effect is commonly observed by the averaged effect of many 
galaxies. 



Weak Gravitational Lensing

Picture taken from Umetsu 2010

Due to the deflection of light 
rays, the image of a distant 
object (source) will be appear 
distorted from its true shape.

The distortion can be 
described using deformation 
matrix.

To 1st order, the deformation 
matrix can be written as:
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IV. WEAK LENSING SIMULATIONS: METHOD

In this section, we explain how our algorithm can be applied
to studies of weak gravitational lensing.

A. Lensing basics

We start with a brief recap of the basics of gravitational
lensing (see e.g. Refs. [17–20, 52, 53]). In a perturbed
Friedmann-Robertson-Walker (FRW) spacetime, the line el-
ement in the absence of anisotropic stress can be written as
(considering only scalar perturbations)

ds2 =

�
1 +

2Φ

c2

�
c2dt2 − a2

�
1− 2Φ

c2

�
ds2space, (29)

where a = 1/(1 + z) is the scale factor. Photons travelling
from distant sources towards an observer get their trajectories
bent due to the intervening gravitational potential, Φ. The (un-
observed) angular position of the source on the source plane,
�β, is related to the observed one, �θ, by the lensing deflection
angle �α as

βi = θi + αi

= θi − 2

c2

� χs

0

(χs − χ)

χs
∇xi

Φ(χ, �β(χ))dχ

= θi − 2

c2

� χs

0

(χs − χ)χ

χs
∇βi

Φ(χ, �β(χ))dχ, (30)

where i = 1, 2 denotes the two perpendicular directions to the
line-of-sight. The third line in Eq. (30) is obtained from the
second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi

= ∇xi
/χ. The

Jacobian matrix, Ai
j , of this source-to-observer mapping is ob-

tained by differentiating the above equation w.r.t. �θ as in

Ai
j = ∇θjβi = δij −

2

c2

� χs

0
g (χs,χ)∇βi

∇θjΦ(χ, �β(χ))dχ,

(31)

where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write

Ai
j = δij −

2

c2

� χs

0
g (χs,χ)∇θi

∇θjΦ(χ, �θ(χ))dχ,

(32)

in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form

Â =

�
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

�
, (33)

to define the lensing convergence, κ,

κ = 1−
�
A1

1 +A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ+∇2∇2Φ

�
dχ, (34)

and the two components of the lensing shear �γ = (γ1, γ2),

γ1 = −
�
A1

1 −A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ−∇2∇2Φ

�
dχ, (35)

γ2 = −A1
2 = −A2

1

=
2

c2

� χs

0
g (χs,χ)∇1∇2Φdχ, (36)

where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by

Ic = Qc

� χA

χB

χs − χ

χs
χdχ

=
Qc

χs

�
χs

2

�
χ2
A − χ2

B

�
− 1

3

�
χ3
A − χ3

B

��
. (37)

12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.
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χs
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= θi − 2

c2

� χs
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(χs − χ)χ

χs
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where i = 1, 2 denotes the two perpendicular directions to the
line-of-sight. The third line in Eq. (30) is obtained from the
second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi

= ∇xi
/χ. The

Jacobian matrix, Ai
j , of this source-to-observer mapping is ob-

tained by differentiating the above equation w.r.t. �θ as in

Ai
j = ∇θjβi = δij −

2

c2

� χs

0
g (χs,χ)∇βi

∇θjΦ(χ, �β(χ))dχ,

(31)

where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write

Ai
j = δij −

2

c2

� χs

0
g (χs,χ)∇θi

∇θjΦ(χ, �θ(χ))dχ,

(32)

in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form

Â =

�
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

�
, (33)

to define the lensing convergence, κ,

κ = 1−
�
A1

1 +A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ+∇2∇2Φ

�
dχ, (34)

and the two components of the lensing shear �γ = (γ1, γ2),

γ1 = −
�
A1

1 −A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ−∇2∇2Φ

�
dχ, (35)

γ2 = −A1
2 = −A2

1

=
2

c2

� χs

0
g (χs,χ)∇1∇2Φdχ, (36)

where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by

Ic = Qc

� χA

χB

χs − χ

χs
χdχ

=
Qc

χs

�
χs

2

�
χ2
A − χ2

B

�
− 1

3

�
χ3
A − χ3

B

��
. (37)

12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.

κ: convergence, magnification 
(change of size)

(γ1,γ2): shear, distortion 
(change of shape)

For weak lensing, shear and 
convergence are directly 
related, it is often enough to 
study one.
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where i = 1, 2 denotes the two perpendicular directions to the
line-of-sight. The third line in Eq. (30) is obtained from the
second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi
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/χ. The

Jacobian matrix, Ai
j , of this source-to-observer mapping is ob-

tained by differentiating the above equation w.r.t. �θ as in

Ai
j = ∇θjβi = δij −

2

c2

� χs

0
g (χs,χ)∇βi

∇θjΦ(χ, �β(χ))dχ,

(31)

where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write

Ai
j = δij −

2

c2

� χs

0
g (χs,χ)∇θi

∇θjΦ(χ, �θ(χ))dχ,

(32)

in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form

Â =

�
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

�
, (33)

to define the lensing convergence, κ,

κ = 1−
�
A1

1 +A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ+∇2∇2Φ

�
dχ, (34)

and the two components of the lensing shear �γ = (γ1, γ2),

γ1 = −
�
A1

1 −A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ−∇2∇2Φ

�
dχ, (35)

γ2 = −A1
2 = −A2

1

=
2

c2

� χs

0
g (χs,χ)∇1∇2Φdχ, (36)

where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by

Ic = Qc

� χA

χB

χs − χ

χs
χdχ

=
Qc

χs

�
χs

2

�
χ2
A − χ2

B

�
− 1

3

�
χ3
A − χ3

B

��
. (37)

12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.
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work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form
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2
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1

c2
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�
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�
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2

�
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1
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�
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where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by

Ic = Qc

� χA

χB

χs − χ

χs
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χs

�
χs

2

�
χ2
A − χ2

B

�
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3

�
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B

��
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12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.

κ: convergence, magnification 
(change of size)

(γ1,γ2): shear, distortion 
(change of shape)

For weak lensing, shear and 
convergence are directly 
related, it is often enough to 
study one.
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IV. WEAK LENSING SIMULATIONS: METHOD

In this section, we explain how our algorithm can be applied
to studies of weak gravitational lensing.

A. Lensing basics

We start with a brief recap of the basics of gravitational
lensing (see e.g. Refs. [17–20, 52, 53]). In a perturbed
Friedmann-Robertson-Walker (FRW) spacetime, the line el-
ement in the absence of anisotropic stress can be written as
(considering only scalar perturbations)

ds2 =

�
1 +

2Φ

c2

�
c2dt2 − a2

�
1− 2Φ

c2

�
ds2space, (29)

where a = 1/(1 + z) is the scale factor. Photons travelling
from distant sources towards an observer get their trajectories
bent due to the intervening gravitational potential, Φ. The (un-
observed) angular position of the source on the source plane,
�β, is related to the observed one, �θ, by the lensing deflection
angle �α as

βi = θi + αi

= θi − 2

c2

� χs

0

(χs − χ)

χs
∇xi

Φ(χ, �β(χ))dχ

= θi − 2

c2

� χs

0

(χs − χ)χ

χs
∇βi

Φ(χ, �β(χ))dχ, (30)

where i = 1, 2 denotes the two perpendicular directions to the
line-of-sight. The third line in Eq. (30) is obtained from the
second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi

= ∇xi
/χ. The

Jacobian matrix, Ai
j , of this source-to-observer mapping is ob-

tained by differentiating the above equation w.r.t. �θ as in

Ai
j = ∇θjβi = δij −

2

c2

� χs

0
g (χs,χ)∇βi

∇θjΦ(χ, �β(χ))dχ,

(31)

where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write

Ai
j = δij −

2

c2

� χs

0
g (χs,χ)∇θi

∇θjΦ(χ, �θ(χ))dχ,

(32)

in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form

Â =

�
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

�
, (33)

to define the lensing convergence, κ,

κ = 1−
�
A1

1 +A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ+∇2∇2Φ

�
dχ, (34)

and the two components of the lensing shear �γ = (γ1, γ2),

γ1 = −
�
A1

1 −A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ−∇2∇2Φ

�
dχ, (35)

γ2 = −A1
2 = −A2

1

=
2

c2

� χs

0
g (χs,χ)∇1∇2Φdχ, (36)

where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by

Ic = Qc

� χA

χB

χs − χ

χs
χdχ

=
Qc

χs

�
χs

2

�
χ2
A − χ2

B

�
− 1

3

�
χ3
A − χ3

B

��
. (37)

12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.
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where i = 1, 2 denotes the two perpendicular directions to the
line-of-sight. The third line in Eq. (30) is obtained from the
second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi
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Jacobian matrix, Ai
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Ai
j = ∇θjβi = δij −

2

c2

� χs

0
g (χs,χ)∇βi

∇θjΦ(χ, �β(χ))dχ,

(31)

where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write
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in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form
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to define the lensing convergence, κ,
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where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by
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12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.
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where i = 1, 2 denotes the two perpendicular directions to the
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second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi
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/χ. The

Jacobian matrix, Ai
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where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write
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(32)

in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form
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to define the lensing convergence, κ,
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�
dχ, (34)
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�
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0
g (χs,χ)∇1∇2Φdχ, (36)

where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by
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12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.
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luted at the center of the cells, then its interpolation to cell
vertices is as described in Sec. III H.

D. Alternative lensing integration in the code

The lensing methodology described above involves the cal-
culation of ∂a∂bΦ (a, b = x, y, z) on the mesh, which in-
evitably adds some computational overheads. However, as
described in this section, it is possible to compute κ and γ
by integrating only quantities that are computed by default in
RAMSES.

Equation (34) can be written as

c
2κ =

� χs

0
g (χs,χ)

�
∇2Φ−∇2

χΦ
�
dχ

=
3

2
Ωm0H

2
0

� χs

0
g (χs,χ)

δ

a
dχ +

� χs

0
∇χΦ ∂χgdχ +

1

c

� χs

0
g ∂t (∇χΦ) dχ − g∇χΦ

���
χs

0
, (43)

where in the second equality we have used the Poisson equa-
tion to relate the comoving three-dimensional Laplacian to the
matter density contrast, δ, and the term g∇2

χΦ was integrated
by parts using ∇χ = ∂t/c+ ∂χ, where t is the physical time.
The integration of the first term on the RHS of Eq. (43) is the
same as that of Eqs. (34), (35) and (36), but with δ/a as the
quantity Q

15. The second term is obtained analogously, but
with Q = ∇χΦ = sinθcosϕ∂xΦ + sinθsinϕ∂yΦ + cosθ∂zΦ
(where ∂xΦ, ∂yΦ and ∂zΦ are the negative of the three com-
ponents of the gravitational force) and the kernel K = ∂χg =
1− 2χ/χs. The third term involves the time derivative of the
potential, which is not calculated in RAMSES by default. In
the results presented in this paper, we neglect the contribution
from this term, which is expected to be small anyway (see
e.g. Ref. [21]).

The last term on the RHS of Eq. (43), which is a surface
term, is exactly zero in theory, since the lensing kernel g van-
ishes at χ = 0 and χ = χs. However, if one breaks down the
calculation of this term into the contributions coming from
each time step

g∇χΦ
���
χs

0
=

�

time steps

g∇χΦ
���
χi

χf

, (44)

where χi and χf are, respectively, the values of χ at the start
and end of a particle time step, then the result is not zero due to
discontinuities between particle time steps and at the bound-
ary of boxes in the tile. This is because, if RAMSES updates
the values of the potential from one time step to the next, then
its value at the end of the current time step (when the ray is at
χ = χtcurrent

f ) is not the same as at the start of the next time
step (when the ray is at χ = χtnext

i ), where χtcurrent
f = χtnext

i

15 In the current implementation of the code, a is taken to be constant dur-
ing the time step integration. This should not lead to big errors in high-
resolution simulations if the time steps are sufficiently small. There are
however ways to go beyond this by, for instance, implementing the relation
a(χ) in the integration.

16. As a result,

g∇χΦ
���
χs

0
= g∇χΦ

���
χ=χs

− g∇χΦ
���
χ=0

+ �disc

= �disc, (45)

where �disc denotes the cumulative error that arises due to the
discontinuities at each time step. The latter are unavoidable
since they are linked to the intrinsic discreteness of N-body
simulations. Note however that the nonzero value of �disc,
which comes from integrating the second term in the bracket
of the first line of Eq. (43), means that the same discreteness
also affects the integration of the first term there. Therefore,
having �disc included in the calculation for each time step can
reduce the error in the density integral of Eq. (43) that comes
from the same discreteness. We have checked explicitly that
including �disc brings the κ map obtained using Eq. (43) into
closer agreement with the result from Eq. (34).

Note that the discreteness in time also introduces another
source of error. For example, when computing the second
integral in Eq. (43), the values of ∇χΦ are assumed to be con-
stant in a time step, and therefore the integral misses the con-
tribution that comes from the time evolution of fields within
the time step. This also affects the integral of Eq. (34). How-
ever, we expect this error to be small in cosmological simula-
tions where the fine time step is typically of order ∆a ∼ 10−4

or smaller. In principle, our algorithm can be straightfor-
wardly extended to interpolate the fields between neighbour-
ing time steps so that they are continuous in time; however,
given the small error that this discontinuity causes, we will
leave this for future implementations.

In the end, we have two ways to compute the lensing con-
vergence. One is that of Eq. (34), which we call Method B
and it involves only one integral term. The other, which we
call Method A17, uses Eq. (43) and in the current implemen-

16 That is, the ending point at the current time step is the starting point at the
next time step integration.

17 This naming is the same as in Ref. [37].
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where a = 1/(1 + z) is the scale factor. Photons travelling
from distant sources towards an observer get their trajectories
bent due to the intervening gravitational potential, Φ. The (un-
observed) angular position of the source on the source plane,
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where i = 1, 2 denotes the two perpendicular directions to the
line-of-sight. The third line in Eq. (30) is obtained from the
second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi
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/χ. The
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where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write
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in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
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notation.
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12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.
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D. Alternative lensing integration in the code

The lensing methodology described above involves the cal-
culation of ∂a∂bΦ (a, b = x, y, z) on the mesh, which in-
evitably adds some computational overheads. However, as
described in this section, it is possible to compute κ and γ
by integrating only quantities that are computed by default in
RAMSES.

Equation (34) can be written as

c
2κ =

� χs

0
g (χs,χ)

�
∇2Φ−∇2

χΦ
�
dχ

=
3

2
Ωm0H

2
0

� χs

0
g (χs,χ)

δ

a
dχ +

� χs

0
∇χΦ ∂χgdχ +

1

c

� χs

0
g ∂t (∇χΦ) dχ − g∇χΦ

���
χs

0
, (43)

where in the second equality we have used the Poisson equa-
tion to relate the comoving three-dimensional Laplacian to the
matter density contrast, δ, and the term g∇2

χΦ was integrated
by parts using ∇χ = ∂t/c+ ∂χ, where t is the physical time.
The integration of the first term on the RHS of Eq. (43) is the
same as that of Eqs. (34), (35) and (36), but with δ/a as the
quantity Q

15. The second term is obtained analogously, but
with Q = ∇χΦ = sinθcosϕ∂xΦ + sinθsinϕ∂yΦ + cosθ∂zΦ
(where ∂xΦ, ∂yΦ and ∂zΦ are the negative of the three com-
ponents of the gravitational force) and the kernel K = ∂χg =
1− 2χ/χs. The third term involves the time derivative of the
potential, which is not calculated in RAMSES by default. In
the results presented in this paper, we neglect the contribution
from this term, which is expected to be small anyway (see
e.g. Ref. [21]).

The last term on the RHS of Eq. (43), which is a surface
term, is exactly zero in theory, since the lensing kernel g van-
ishes at χ = 0 and χ = χs. However, if one breaks down the
calculation of this term into the contributions coming from
each time step

g∇χΦ
���
χs

0
=

�

time steps

g∇χΦ
���
χi

χf

, (44)

where χi and χf are, respectively, the values of χ at the start
and end of a particle time step, then the result is not zero due to
discontinuities between particle time steps and at the bound-
ary of boxes in the tile. This is because, if RAMSES updates
the values of the potential from one time step to the next, then
its value at the end of the current time step (when the ray is at
χ = χtcurrent

f ) is not the same as at the start of the next time
step (when the ray is at χ = χtnext

i ), where χtcurrent
f = χtnext

i

15 In the current implementation of the code, a is taken to be constant dur-
ing the time step integration. This should not lead to big errors in high-
resolution simulations if the time steps are sufficiently small. There are
however ways to go beyond this by, for instance, implementing the relation
a(χ) in the integration.

16. As a result,

g∇χΦ
���
χs

0
= g∇χΦ

���
χ=χs

− g∇χΦ
���
χ=0

+ �disc

= �disc, (45)

where �disc denotes the cumulative error that arises due to the
discontinuities at each time step. The latter are unavoidable
since they are linked to the intrinsic discreteness of N-body
simulations. Note however that the nonzero value of �disc,
which comes from integrating the second term in the bracket
of the first line of Eq. (43), means that the same discreteness
also affects the integration of the first term there. Therefore,
having �disc included in the calculation for each time step can
reduce the error in the density integral of Eq. (43) that comes
from the same discreteness. We have checked explicitly that
including �disc brings the κ map obtained using Eq. (43) into
closer agreement with the result from Eq. (34).

Note that the discreteness in time also introduces another
source of error. For example, when computing the second
integral in Eq. (43), the values of ∇χΦ are assumed to be con-
stant in a time step, and therefore the integral misses the con-
tribution that comes from the time evolution of fields within
the time step. This also affects the integral of Eq. (34). How-
ever, we expect this error to be small in cosmological simula-
tions where the fine time step is typically of order ∆a ∼ 10−4

or smaller. In principle, our algorithm can be straightfor-
wardly extended to interpolate the fields between neighbour-
ing time steps so that they are continuous in time; however,
given the small error that this discontinuity causes, we will
leave this for future implementations.

In the end, we have two ways to compute the lensing con-
vergence. One is that of Eq. (34), which we call Method B
and it involves only one integral term. The other, which we
call Method A17, uses Eq. (43) and in the current implemen-

16 That is, the ending point at the current time step is the starting point at the
next time step integration.

17 This naming is the same as in Ref. [37].

This becomes a weighted integration of the matter density field
along the line of sight 
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FIG. 1. Lensing tiling setup and "pseudo" halo lightcones used in this paper. In both panels, the solid red lines show the lensing lightcone
geometry, which spans a FOV of 10 × 10 deg2. The solid black lines depict the simulation boxes that make up the tile that encompasses the
lensing lightcone. From left to right, the boxes have sizes L = 300Mpc/h (first five), L = 350Mpc/h and L = 450Mpc/h, respectively.
The dots show the positions of dark matter haloes found in the simulations. Haloes located on top of a given colored background correspond
to the simulation snapshot associated with the redshift value indicated below. The vertical dotted lines indicate the approximate zcoord of the
rays at the listed redshift values (see Sec. III B for more details about the construction of the halo lightcone). The two panels show the halo
positions in the nDGP and nDGPlens models for different minimum halo mass cutoffs, as labelled (recall that the halo distribution is the
same in these two models).

represents the fractional energy density of some dark energy
component, which we tune such that the expansion rate in the
nDGP model becomes the same as in a flat ΛCDM cosmol-
ogy with the same Ωm and H0 (see e.g. Ref. [61]):

H(a) = H0

�
Ωm0a

−3 + (1− Ωm0). (6)

This allows one to single out the effects of the modified gravi-
tational potentials from those of modified background dynam-
ics on any observed differences in our nDGP and ΛCDM re-
sults.

B. A phenomenological variant of the DGP model with
modified lensing

An important aspect of the DGP model that is very rele-
vant to the analysis in this paper is that, in this theory of
gravity, the lensing potential is the same as in GR, Φlen =
(Φ+Ψ) /2 = ΦGR, while the dynamical potential gets mod-
ified, Ψ = ΨGR + ϕ/2. This means that differences in the
lensing signal in nDGP and ΛCDM cosmologies are induced
by the different matter distribution (which reacts to the dy-
namical potential), and not because photons themselves react
to a modified lensing potential. In other words, for a fixed
matter source, photon geodesics are the same in the nDGP
and ΛCDM models.

Models of gravity that also modify the lensing potential
provide us with a richer phenomenology to be tested by ob-

servational data. Known examples of models that modify
Φlen include the Covariant Galileon model [71–76] (and vari-
ants/generalizations thereof [35, 36, 77]), Nonlocal gravity
[78–82], K-mouflage [24, 83–85], and other corners of Horn-
deski’s general theory [73, 86] (or theories beyond it [87–89]).
Here, instead of taking one of the models listed above, we fol-
low a more phenomenological approach and consider a toy
model we call nDGPlens, which has the same equations as
the standard nDGP model, but with the important difference
that Φlen = ΦGR + ϕ/2.

In this paper, we therefore show results for three cosmolog-
ical scenarios: ΛCDM, nDGP and nDGPlens. The compari-
son of the results of ΛCDM and nDGP measures the impact
of the modified matter distribution on the lensing signal. On
the other hand, the matter distribution is the same in nDGP
and nDGPlens, and as a result, the differences in the lens-
ing signal arise because photons also "feel" the fifth force in
nDGPlens.

C. Screening mechanism

In the nDGP model (as well as in our nDGPlens variant),
there is a dynamical mechanism called Vainshtein screening
[21–23] that suppresses the modifications to gravity in regions
of high matter density. The existence of such a screening
mechanism is what makes nDGP gravity a viable alternative to
GR, as it allows the physics of the model to be within the tight
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of the modified matter distribution on the lensing signal. On
the other hand, the matter distribution is the same in nDGP
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Fig. 1. Schematic view of the observer’s backward light cone in the multiple-lens-plane approximation. A light ray (red
line) experiences a deflection only when passing through a lens plane (solid blue lines). The deflection angle α(k−1) of a
ray passing through the lens plane at distance f (k−1)

K from the observer is obtained from the matter distribution between
f (k−1)

K,U and f (k−1)
K,L projected onto the plane. Using the deflection angle α(k−1) of the light ray at the previous lens plane

and the ray’s angular positions β(k−1) and β(k−2) on the two previous planes, the angular position β(k) on the current
plane can be computed.

mass mp = 8.6 × 108h−1 M⊙ and a force softening length
of 5h−1 kpc comoving.

Snapshots of the simulation were stored on disk at 64
output times. These snapshots contain, among other data,
the positions, SPH smoothing lengths and friend-of-friend
(FoF) group data of the particles. The storage order for the
particle data is based on a spatial oct-tree decomposition of
the simulation cube (see Springel 2005; Springel et al. 2005,
for details), which facilitates access to the particle data for
small subvolumes of the simulation.

Complex physical processes of baryonic matter such as
the formation and evolution of stars in galaxies has not
been incorporated directly into the Millennium Simulation.
However, several galaxy-formation models have been used
to predict the properties of galaxies in the simulation
(Springel et al. 2005; Croton et al. 2006; Bower et al. 2006;
De Lucia & Blaizot 2007). The ray-tracing methods pre-
sented in this paper will allow us (in future work) not only
to study cosmic shear in great detail, but also to make pre-
dictions for galaxy-galaxy lensing (and related higher-order
statistics) for the various galaxy-formation models.

3.2. The construction of the matter in the backward light
cones

Even with a comoving size of L = 500h−1 Mpc, the simu-
lation box is too small to trace back light rays within one
box. We therefore exploit the periodic boundary conditions
of the simulation by arranging replicas of the simulation
box in a simple cubic lattice with a lattice constant equal
to the box size L to fill space. We refrain from randomly
shifting or rotating the content of the lattice cells, because
the simulation box is far too large to be projected onto a
single lens plane. In addition, this allows us to keep the
matter distribution continuous across the cell boundaries.

In this periodic matter distribution, light rays would en-
counter the same structures many times at different epochs
before reaching relevant source redshifts if one chose the
line of sight (LOS) parallel to the box edges. Hence, the

LOS must be chosen at a skewed angle relative to the box
axes. On the other hand, the application of Fourier methods
for the calculation of the light deflection at the lens planes
requires a matter density that is periodic perpendicular to
the LOS. Choosing a LOS parallel to n = (n1, n2, n3) with
suitable coprime ni ∈ Z, one can obtain a large enough
repetition length of |n|L along the LOS (see Appendix A).
At the same time, the matter distribution is periodic per-
pendicular to the LOS with an area of periodicity given
by |n|L2. Our choice for n = (1, 3, 10) yields a LOS pe-
riodicity of 5.24h−1 Gpc (corresponds to z = 3.87) and a
rectangular unit cell of 1.58h−1 Gpc× 1.66h−1 Gpc for the
lens planes. Moreover, any directions with shorter period-
icity are at least 1.81 deg away from n, and a light cone
with a 1.7 deg×1.7 deg field of view does not intersect with
itself up to redshift z = 3.87 when folded back into the
simulation cube.9 The resulting orientation of the LOS and
the lens planes w.r.t. the simulation box are illustrated in
Fig. 2.

We partition the observer’s backward light cone into
redshift slices such that each slice contains the part of
the light cone that is closer in redshift to one of the
snapshots than any other snapshot (with exceptions near
the boundaries discussed below). The boundary between
two redshift slices with snapshot redshifts z(k) and z(k+1)

is thus a plane at comoving distance w(k)
U = w(k+1)

L =
w

��
z(k) + z(k+1)

�
/2

�
. In addition, w(0)

L = 0. The particle
data of the snapshot closest in redshift is then used to ap-
proximate the matter distribution in each of these slices.
Fast box-intersection tests (Gottschalk et al. 1996) and the
spatial-oct-tree storage order of the simulation are utilised
to minimise reading of the particle data (which reduces run
time by factors 5-10).

9
We often use a larger field of view – in particular, if only

lower source redshifts are considered. Even for high source red-

shifts, where the resulting light cone may cover the same simu-

lation region more than once, a large field of view can be used

with due care (Hilbert et al. 2007a)

Hilbert et al (2009)

multiple plane approximation



Weak Lensing Convergence Maps

17

FIG. 8. Lensing convergence maps and κ probability distribution functions (PDFs). The color maps show the κ field obtained for a realization

of the HighRes and LowRes tiles without any smoothing and with a Gaussian smoothing with width 2
� ≈ 0.03 deg, as indicated in the panel

titles. The right panels show the PDFs of the κ field displayed in the color maps and for four other independent tile realizations with and

without Gaussian smoothing, as labelled. These results correspond to integration Method A with Eq. (38).

ray tracing simulations. The upper panels show the maps as

computed by our code and the lower panels show the maps

smoothed by a Gaussian filter with size 2
� ≈ 0.03 deg. The

corresponding rightmost panels show the probability distribu-

tion function (PDF) of the κ fields shown in the color maps,

but also for the other 4 independent tile realizations that we

can construct from our simulations (cf. Sec. VI A).

The upper right panel shows that the PDFs of the HighRes

and LowRes tiles are in good agreement for κ � 0.02, but

show some discrepancies at smaller values. In particular, the

distribution of the HighRes realizations is shifted towards

lower values of κ, relative to the LowRes ones. This result

can be attributed to the differences in resolution. In partic-

ular, the particle CIC clouds in the LowRes case are larger

than in the HighRes case and the particle mass is distributed

to a larger volume. Hence, the LowRes simulations do not de-

velop density troughs that are as deep as in the HighRes case,

which pushes the low-κ tail of the distribution in the LowRes

tiles to larger values of κ, as seen in the upper right panel

of Fig. 8. By the same reasoning, the PDF of the HighRes

simulations should be higher for larger values of κ because

of the better resolved high density peaks. However, the PDFs

for large values of κ becomes noteciably suppressed, which

makes that assessment more difficult.

The lower right panel of Fig. 8 shows the same as the

upper right panel, but for the smoothed maps. The size of

the filter (2
�
) corresponds roughly to cluster size scales at

z ≈ 0.5 and to typical smoothing scales employed on real

lensing maps [59, 60]. For the smoothed maps, the two reso-

lutions now agree quite well for all values of κ. Compared to

the unsmoothed cases, the smoothing suppresses the PDF for

κ � 0.02, which indicates that these values of κ were due to

peaks with size smaller than 2
�
. The smoothing, however, does

not noticeably suppress the amplitude of the PDF for κ � 0.

C. Convergence power spectrum

Figure 9 shows our convergence power spectrum results for

the tiles constructed with the HighRes (blue) and LowRes

(green) simulation boxes. The solid lines indicate the median

of the 3125 power spectra that we can construct for each reso-

lution and the errorbars indicate the 25% and 75% percentiles.

These are 2D maps whose 
information can be obtained 
statistically. 

The results can be compared 
to similar statistical 
quantities from the observed 
lensing (shear) map, to tell 
us information about 
cosmological parameters and 
cosmological models.

rich info; potential good tests



Weak Lensing Convergence Maps

17

FIG. 8. Lensing convergence maps and κ probability distribution functions (PDFs). The color maps show the κ field obtained for a realization

of the HighRes and LowRes tiles without any smoothing and with a Gaussian smoothing with width 2
� ≈ 0.03 deg, as indicated in the panel

titles. The right panels show the PDFs of the κ field displayed in the color maps and for four other independent tile realizations with and

without Gaussian smoothing, as labelled. These results correspond to integration Method A with Eq. (38).

ray tracing simulations. The upper panels show the maps as

computed by our code and the lower panels show the maps

smoothed by a Gaussian filter with size 2
� ≈ 0.03 deg. The

corresponding rightmost panels show the probability distribu-

tion function (PDF) of the κ fields shown in the color maps,

but also for the other 4 independent tile realizations that we

can construct from our simulations (cf. Sec. VI A).

The upper right panel shows that the PDFs of the HighRes

and LowRes tiles are in good agreement for κ � 0.02, but

show some discrepancies at smaller values. In particular, the

distribution of the HighRes realizations is shifted towards

lower values of κ, relative to the LowRes ones. This result

can be attributed to the differences in resolution. In partic-

ular, the particle CIC clouds in the LowRes case are larger

than in the HighRes case and the particle mass is distributed

to a larger volume. Hence, the LowRes simulations do not de-

velop density troughs that are as deep as in the HighRes case,

which pushes the low-κ tail of the distribution in the LowRes

tiles to larger values of κ, as seen in the upper right panel

of Fig. 8. By the same reasoning, the PDF of the HighRes

simulations should be higher for larger values of κ because

of the better resolved high density peaks. However, the PDFs

for large values of κ becomes noteciably suppressed, which

makes that assessment more difficult.

The lower right panel of Fig. 8 shows the same as the

upper right panel, but for the smoothed maps. The size of

the filter (2
�
) corresponds roughly to cluster size scales at

z ≈ 0.5 and to typical smoothing scales employed on real

lensing maps [59, 60]. For the smoothed maps, the two reso-

lutions now agree quite well for all values of κ. Compared to

the unsmoothed cases, the smoothing suppresses the PDF for

κ � 0.02, which indicates that these values of κ were due to

peaks with size smaller than 2
�
. The smoothing, however, does

not noticeably suppress the amplitude of the PDF for κ � 0.

C. Convergence power spectrum

Figure 9 shows our convergence power spectrum results for

the tiles constructed with the HighRes (blue) and LowRes

(green) simulation boxes. The solid lines indicate the median

of the 3125 power spectra that we can construct for each reso-

lution and the errorbars indicate the 25% and 75% percentiles.

Some common examples:

1-point statistic: peak counts

2-point statistic: 2-point 
correlation function (in real 
space) and angular power 
spectrum (in Fourier space)

n-point statistics: non-
Gaussianity

morphological statistics: 
Minkowski functionals
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FIG. 1. Constraints on the HS model with n = 1. Dark and light shadings indicate the 68.3 and 95.4 per cent confidence
regions (accounting for systematic uncertainties) from the following data sets: the CMB combined with SNIa+BAO (blue),
and the combination of all these with clusters (gold). In the left panel, we use WMAP+ACT+SPT as CMB data, and
Planck+WP+lensing+ACT+SPT in the right panel.

the matter power spectrum !8 ! !(r = 8h!1Mpc, z = 0)
with this parameter. In this experiment, cluster masses
are also calibrated using weak lensing data, in order
to constrain instrumental (calibration) and astrophysical
(bias due to the assumption of hydrostatic equilibrium)
systematics.
As shown in [50], we could also employ our measure-

ments of the ratio between lensing and X-ray mass esti-
mates to constrain fR0. In our current analysis, this sig-
nal would be completely degenerate with our instrumen-
tal and astrophysical uncertainties, and from our present
estimates of these systematics, we would have little con-
straining power on fR0. However, this is a promising new
avenue for the near future.

B. CMB data

For the analyses including CMB data, we use measure-
ments from either the Wilkinson Microwave Anisotropy
Probe (WMAP 9-year release; [66, 67]) or the Planck
satellite (year-1 release plus WMAP polarization data,
hereafter denoted as Planck+WP; [68]). We also use
data from the gravitational lensing potential gener-
ated by large scale structures, as measured by the
Planck Collaboration [30]. We refer to the combina-
tion of these with Planck+WP power spectrum data as
Planck+WP+lensing. Our two complete sets of CMB
data also include high multipole measurements from
the Acatama Cosmology Telescope (ACT; [69]) and the
South Pole Telescope (SPT; [70–72]).
When using CMB data, we also fit for the cosmic

baryon and dark matter densities, !bh2 and !ch2; the
optical depth to reionization, " ; the amplitude and spec-

tral index of the scalar density perturbations, As and ns;
and the characteristic angular scale of the acoustic peaks,
# (which e"ectively determines H0). We also marginal-
ize over the set of nuisance parameters associated with
each CMB data set, accounting for the thermal Sunyaev-
Zel’dovich e"ect and unresolved foregrounds.

C. Additional data sets

Certain parameter degeneracies relevant at late times,
like the one between fR0 and !m, can be helped by in-
cluding additional cosmological distance probes, such as
those using SNIa and BAO data. We use the Union 2.1
compilation of SNIa [73], and BAO data from a combi-
nation of measurements from the 6-degree Field Galaxy
Survey (6dF; z = 0.106; [74]), the Sloan Digital Sky Sur-
vey (SDSS; z = 0.35 and z = 0.57; [75, 76]), and the Wig-
gleZ Dark Energy Survey (z = 0.44, 0.6 and 0.73; [77]).
Note, however, that including these additional data sets
a"ects our results only when we use WMAP+ACT+SPT
as a CMB data set. In this case, we find that the addi-
tion of SNIa+BAO data helps in breaking the degeneracy
with !m and improves our constraints on fR0 or B0. If
instead of WMAP we use Planck+WP, the impact of
adding SNIa+BAO data is negligible (see section V).

V. RESULTS

We obtain the posterior probability distribution func-
tions (pdf) of our parameters using the MCMC engine
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Figure 7. The fractional difference in the convergence spectra for the f(R), symmetron, and DGP
simulations with respect to ΛCDM for four source redshifts. We also show the predictions obtained
from halofit.
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Example 2: Convergence Bipectrum
6

FIG. 1. Constraints on the HS model with n = 1. Dark and light shadings indicate the 68.3 and 95.4 per cent confidence
regions (accounting for systematic uncertainties) from the following data sets: the CMB combined with SNIa+BAO (blue),
and the combination of all these with clusters (gold). In the left panel, we use WMAP+ACT+SPT as CMB data, and
Planck+WP+lensing+ACT+SPT in the right panel.

the matter power spectrum !8 ! !(r = 8h!1Mpc, z = 0)
with this parameter. In this experiment, cluster masses
are also calibrated using weak lensing data, in order
to constrain instrumental (calibration) and astrophysical
(bias due to the assumption of hydrostatic equilibrium)
systematics.
As shown in [50], we could also employ our measure-

ments of the ratio between lensing and X-ray mass esti-
mates to constrain fR0. In our current analysis, this sig-
nal would be completely degenerate with our instrumen-
tal and astrophysical uncertainties, and from our present
estimates of these systematics, we would have little con-
straining power on fR0. However, this is a promising new
avenue for the near future.

B. CMB data

For the analyses including CMB data, we use measure-
ments from either the Wilkinson Microwave Anisotropy
Probe (WMAP 9-year release; [66, 67]) or the Planck
satellite (year-1 release plus WMAP polarization data,
hereafter denoted as Planck+WP; [68]). We also use
data from the gravitational lensing potential gener-
ated by large scale structures, as measured by the
Planck Collaboration [30]. We refer to the combina-
tion of these with Planck+WP power spectrum data as
Planck+WP+lensing. Our two complete sets of CMB
data also include high multipole measurements from
the Acatama Cosmology Telescope (ACT; [69]) and the
South Pole Telescope (SPT; [70–72]).
When using CMB data, we also fit for the cosmic

baryon and dark matter densities, !bh2 and !ch2; the
optical depth to reionization, " ; the amplitude and spec-

tral index of the scalar density perturbations, As and ns;
and the characteristic angular scale of the acoustic peaks,
# (which e"ectively determines H0). We also marginal-
ize over the set of nuisance parameters associated with
each CMB data set, accounting for the thermal Sunyaev-
Zel’dovich e"ect and unresolved foregrounds.

C. Additional data sets

Certain parameter degeneracies relevant at late times,
like the one between fR0 and !m, can be helped by in-
cluding additional cosmological distance probes, such as
those using SNIa and BAO data. We use the Union 2.1
compilation of SNIa [73], and BAO data from a combi-
nation of measurements from the 6-degree Field Galaxy
Survey (6dF; z = 0.106; [74]), the Sloan Digital Sky Sur-
vey (SDSS; z = 0.35 and z = 0.57; [75, 76]), and the Wig-
gleZ Dark Energy Survey (z = 0.44, 0.6 and 0.73; [77]).
Note, however, that including these additional data sets
a"ects our results only when we use WMAP+ACT+SPT
as a CMB data set. In this case, we find that the addi-
tion of SNIa+BAO data helps in breaking the degeneracy
with !m and improves our constraints on fR0 or B0. If
instead of WMAP we use Planck+WP, the impact of
adding SNIa+BAO data is negligible (see section V).

V. RESULTS

We obtain the posterior probability distribution func-
tions (pdf) of our parameters using the MCMC engine

F5

F6

GR Cataneo et al. 2015

equilateral configuration

Shirasaki et al., in prep.
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Figure 2. The e!ect of f(R) gravity on convergence bispectrum. Left: We show the e!ect of |fR0| on convergence bispectrum for
equilateral configuration with !1 = !2 = !3 = !. In the top panel, colored points represent the average bispectrum over 100 ray-tracing
realizations for three models, while the bottom left one shows the relative di!erence between "CDM and f(R) models. The colored solid
line in the top panel shows the theoretical model based on Eq. (17) with the fitting formula as in Gil-Maŕın et al. (2012). The error bars
represent the standard deviation of average (i.e. the standard deviation divided by

!
100). Right: The relative di!erence of convergence

bispectrum between "CDM and f(R) model for general configurations (!1, !2, !3). The red error bars show the standard deviation of
average bispectrum for "CDM model, while the green and blue lines are the ratio for F5 and F6 model, respectively. Note that we impose
the condition of !1 " !2 " !3 to count every triangle configuration once.

because of the resolution of our N -body simulation. Since the Nyquist wavenumber in our simulation is kN ! 6.7 hMpc!1, the

result in the range of ! >! kN "(zsource/2) ! 7000 would be less converged. In the bottom panel, we show the relative di!erence

of P! between f(R) model and "CDM model. The red error bars in the bottom panel corresponds to the standard deviation of

average convergence power spectrum for "CDM model. Thus, we confirm that the F5 and F6 models change the convergence

power spectrum in the range of ! < 7000 by <! 20% and <! 4%, respectively. In comparison, we also consider the relative

di!erence of P! between two "CDM models with the di!erent value of #8. The green dashed line in the bottom left panel

shows the relative di!erence between #8 = 0.883 and #8 = 0.830, while the blue one is for the di!erence between #8 = 0.845

and #8 = 0.830 (see also Table 1). Therefore, the convergence power spectrum can contain the information of f(R) gravity

(e.g., the !-dependence), whereas the e!ect would be partly compensated by a change of #8.

Nevertheless, we further consider the contribution of P! from a given redshift to clarify when f(R) gravity would e!ectively

enhance P! compared to "CDM. The top right panel in figure 1 shows the integrand in Eq. (14) by using the fitting formula

in Zhao (2014). Compared to "CDM, F5 model enhances the amplitude of matter density fluctuations at z <! 0.6 for ! < 7000.

In the bottom right panel, we show the wave number of k = !/"(z) appearing in the calculation of Eq. (14). On linear scales

where $%m " %̄m, the Compton wave length of the extra scalar field fR can be expressed as

&!1
C =

 
1

3(n + 1)
R̄

|fR0|

„
R̄

R̄0

«n+1
!1/2

. (37)

The gray hatched region in the bottom panel represents k > a&!1
C where the fifth force due to fR would e#ciently enhance

the linear density fluctuations. Although non-linear gravitational growth and the chameleon mechanism would make the

situation more complicated, the criteria of k > a&!1
C would provide the typical scale where f(R) gravity would a!ect the

density distribution. On large scales where ! <! 300, the linear approximation would work fairly well and the deviation from

the "CDM can be mainly explained by the scale-dependent linear growth rate. On the other hand, the chameleon mechanism

does not completely suppress the e!ect of f(R) gravity on matter distributions on small scales.

Bispectrum

We next consider convergence bispectrum B!. Figure 2 summarizes the simulation results obtained from 100 ray-tracing maps

for three di!erent models with |fR0| = 0, 10!6 and 10!5. In the left panels, we show the result of B! for the equilateral triangle

configuration with !1 = !2 = !3 = !. First of all, we compare the simulation result for the "CDM model and the theoretical

prediction by Eq. (17). In the calculation of Eq. (17), we adopt the fitting formula of three-dimensional matter bispectrum B"

MNRAS 000, 1–?? (2016)



Example 3: Combined
6

FIG. 1. Constraints on the HS model with n = 1. Dark and light shadings indicate the 68.3 and 95.4 per cent confidence
regions (accounting for systematic uncertainties) from the following data sets: the CMB combined with SNIa+BAO (blue),
and the combination of all these with clusters (gold). In the left panel, we use WMAP+ACT+SPT as CMB data, and
Planck+WP+lensing+ACT+SPT in the right panel.

the matter power spectrum !8 ! !(r = 8h!1Mpc, z = 0)
with this parameter. In this experiment, cluster masses
are also calibrated using weak lensing data, in order
to constrain instrumental (calibration) and astrophysical
(bias due to the assumption of hydrostatic equilibrium)
systematics.
As shown in [50], we could also employ our measure-

ments of the ratio between lensing and X-ray mass esti-
mates to constrain fR0. In our current analysis, this sig-
nal would be completely degenerate with our instrumen-
tal and astrophysical uncertainties, and from our present
estimates of these systematics, we would have little con-
straining power on fR0. However, this is a promising new
avenue for the near future.

B. CMB data

For the analyses including CMB data, we use measure-
ments from either the Wilkinson Microwave Anisotropy
Probe (WMAP 9-year release; [66, 67]) or the Planck
satellite (year-1 release plus WMAP polarization data,
hereafter denoted as Planck+WP; [68]). We also use
data from the gravitational lensing potential gener-
ated by large scale structures, as measured by the
Planck Collaboration [30]. We refer to the combina-
tion of these with Planck+WP power spectrum data as
Planck+WP+lensing. Our two complete sets of CMB
data also include high multipole measurements from
the Acatama Cosmology Telescope (ACT; [69]) and the
South Pole Telescope (SPT; [70–72]).
When using CMB data, we also fit for the cosmic

baryon and dark matter densities, !bh2 and !ch2; the
optical depth to reionization, " ; the amplitude and spec-

tral index of the scalar density perturbations, As and ns;
and the characteristic angular scale of the acoustic peaks,
# (which e"ectively determines H0). We also marginal-
ize over the set of nuisance parameters associated with
each CMB data set, accounting for the thermal Sunyaev-
Zel’dovich e"ect and unresolved foregrounds.

C. Additional data sets

Certain parameter degeneracies relevant at late times,
like the one between fR0 and !m, can be helped by in-
cluding additional cosmological distance probes, such as
those using SNIa and BAO data. We use the Union 2.1
compilation of SNIa [73], and BAO data from a combi-
nation of measurements from the 6-degree Field Galaxy
Survey (6dF; z = 0.106; [74]), the Sloan Digital Sky Sur-
vey (SDSS; z = 0.35 and z = 0.57; [75, 76]), and the Wig-
gleZ Dark Energy Survey (z = 0.44, 0.6 and 0.73; [77]).
Note, however, that including these additional data sets
a"ects our results only when we use WMAP+ACT+SPT
as a CMB data set. In this case, we find that the addi-
tion of SNIa+BAO data helps in breaking the degeneracy
with !m and improves our constraints on fR0 or B0. If
instead of WMAP we use Planck+WP, the impact of
adding SNIa+BAO data is negligible (see section V).

V. RESULTS

We obtain the posterior probability distribution func-
tions (pdf) of our parameters using the MCMC engine

F4

F5

F6
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Fig. 2. The error circle obtained from Fisher analysis in the case of Hyper Suprime-Cam survey. In this figure, we show the cosmological constraints from
weak lensing statistics alone. Each colored line corresponds to the constraints derived from different statistics: P!! (red), P!! and Pp! (green), P!! and
Npeak (blue), and combined with three (cyan). The left panel represents the constraint on wCDM model, while the right one shows the constraint on f(R)

model. To estimate the constraints presented here, we take into account the non-Gaussian covariances derived from 200 masked sky simulations.

where WTH(kR) is the Fourier transform of top hat func-
tion with scale of R and R is commonly set to be 8 Mpc/h.
Theoretically, this quantity !8(z) can be derived when the lin-
ear matter power amplitude is measured at higher redshift and
the linear growth rate is taken into account properly. On the
other hand, we can measure the value of !8(z) in a more di-
rect manner when we probe the clustering of matter density
field at lower redshift. Therefore, comparing the value of !8

derived from high redshift information with the observed !8 at
lower redshift provides an invaluable opportunity to check con-
sistency of cosmological models between high and low redshift
(MacCrann et al. 2014). Figure 3 shows the expected constraint
on !8 with the lensing statistics proposed in this paper. In this
figure, we present the expected constrained region on !m0 !
!8(z = 0) plane with 95% confidence level. In order to derive
such regions, we sample 100,000 points in five cosmological
parameters space for wCDM model (i.e. As, ns,!m0, Avir,0

and w0) assuming Gaussian distribution function with covari-
ance estimated from Fisher analysis (see, Section 4 for details).
Then, we calculate the value of !8(z = 0) at each point. With
prior information of CMB measurement, our statistics can con-
strain on !8(z = 0) with a level of 0.025 and 0.01 for HSC-like
and LSST-like survey, respectively. Interestingly, in the case of
LSST-like survey, we find that !8(z = 0) can be constrained
with precision of "0.025 even in absence of CMB informa-
tion. In Figure 3, the square and star symbols represent the de-
rived values of !8 for wCDM and f(R) models for a given As.
For As derived from CMB, dark energy and modified gravity
model predict the different values of !8 from that of the stan-
dard "CDM model. Thus, the constraint on !8 by our lensing
statistics serves as an important test on the self-consistency of

Fig. 3. The expected constraints on !m0 ! !8 plane. The green and white
region correspond to the marginalized 95% confidence level for HSC and
LSST-like survey, respectively. We evaluate these regions from the Fisher
matrix in combined analysis of cosmic shear power spectrum, the cross
correlation of convergence and its peak, and the number count of peaks
with prior information of CMB measurement. The center of confidence
surface represent the standard "CDM model, while square and star

symbols show the different value of !8 in wCDM model and f(R) model.

the standard "CDM model through z " 1000 to z " 0.

Combined statistical analysis with weak lensing selected
clusters and cosmic shear provides precise measurement of
gravitational growth at low redshift, and thus can place robust
constraints on variant cosmological models. However, in order
to apply our method to real data set, we need to consider sys-
tematic effects in detail. One of the most important systematics
is source redshift uncertainty. Throughout this paper, we have

PS+bispectrum+PC+MF

Shirasaki et al., 2015



Baryonic effect

• One advantage of gravitational lensing is that (at least in 
standard gravity) baryonic matter and dark matter deflect the 
photon trajectories in the same way

• As a result, weak lensing directly probes total matter

• However, various baryonic processes can still have an impact on 
the matter distribution on small scales. For example, AGN 
feedback could change the density profile of clusters, therefore 
affecting lensing result. 

• It is difficult enough to model in LCDM, more so for nonstandard 
models. For this reason, one should perhaps avoid using small 
scale data to make definite conclusions.
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Figure 2. Void evolution. Six timesteps in the evolution of a void region in a 1283 particle N-body simulation of structure formation in
an SCDM model: top-left to bottom-right shows expansion factors aexp = 0.1, 0.2, 0.3, 0.35, 0.4 and 0.5 (the present time has aexp = 1.0).
Initial conditions were defined such that they would focus in on a 3!(4h!1Mpc) void, using a constrained random field code (Van de
Weygaert & Bertschinger 1996). The sequence shows the gradual development of a large void of diameter ! 25h!1Mpc as the complex
pattern of smaller voids and structures which had emerged within it at an earlier time, merge with one another. This illustrates one
aspect of the evolving void hierarchy: the void-in-void process.

Section 6 presents various other aspects of the hierar-
chically evolving void population. Global parameters, such
as the fraction of mass in the cosmos contained within void
regions, along with the fraction of space occupied by voids,
are readily derived from the void size distribution. In addi-
tion, the formalism is applied towards a reconstruction of
the ancestral history of a given void, followed by an evalu-
ation of the environmental influence on basic void proper-
ties. We also put forward suggestions towards an analytical
treatment of the influence of the void environment on the
galaxies that may form within. Finally, we indicate how an
assessment of the evolution of dark matter clustering may
be predicated on our formalism. In Section 7, we provide
an overview of our results and seek to embed these in the
wider context of the study of hierarchical structure forma-
tion. We also comment on how our results for the distribu-
tion of voids in the dark matter distribution may be related
to observations of voids in the galaxy distribution. Although
our model provides a useful framework, developing a more
detailed model is beyond the scope of this work. The results
of numerical studies of void galaxies in semi-analytic galaxy
formation models are described by Mathis & White (2002)
and Benson et al. (2003).

2 EVOLUTION OF ISOLATED VOIDS

The basic features of voids can be understood in terms of
the evolution of isolated density depressions. The net density
deficit brings about a sign reversal of the e!ective gravita-
tional force: a void form from a region which induces an
e!ective repulsive peculiar gravity.

In physical coordinates, overdense regions expand
slightly less rapidly than the background, reach a maximum
size, and then turn around and finally collapse to vanishingly
small size (this is strictly true only in an Einstein de-Sitter
or closed Universe). In contrast, underdense regions will not
turn around: they undergo simple expansion until matter
from their interior overtakes the initially outer shells. The
generic characteristics of these evolutionary paths may be
best appreciated in terms of the evolution of isolated spher-
ically symmetric density perturbations, either overdense or
underdense, in an otherwise homogeneous and expanding
background universe. These spherical models provide a key
reference for understanding and interpreting more complex
situations. As a result of the spherical symmetry, the prob-
lem is essentially one-dimensional, allowing a fully analytic
treatment and solution, making the model easier to ana-
lyze, interpret and understand. The spherical model for the
evolution of isolated voids is discussed in some detail in Ap-
pendix A.

c" 0000 RAS, MNRAS 000, 000–000

The development of a void region

Sheth & van de Weygaert 2004
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Figure 2. Void evolution. Six timesteps in the evolution of a void region in a 1283 particle N-body simulation of structure formation in
an SCDM model: top-left to bottom-right shows expansion factors aexp = 0.1, 0.2, 0.3, 0.35, 0.4 and 0.5 (the present time has aexp = 1.0).
Initial conditions were defined such that they would focus in on a 3!(4h!1Mpc) void, using a constrained random field code (Van de
Weygaert & Bertschinger 1996). The sequence shows the gradual development of a large void of diameter ! 25h!1Mpc as the complex
pattern of smaller voids and structures which had emerged within it at an earlier time, merge with one another. This illustrates one
aspect of the evolving void hierarchy: the void-in-void process.

Section 6 presents various other aspects of the hierar-
chically evolving void population. Global parameters, such
as the fraction of mass in the cosmos contained within void
regions, along with the fraction of space occupied by voids,
are readily derived from the void size distribution. In addi-
tion, the formalism is applied towards a reconstruction of
the ancestral history of a given void, followed by an evalu-
ation of the environmental influence on basic void proper-
ties. We also put forward suggestions towards an analytical
treatment of the influence of the void environment on the
galaxies that may form within. Finally, we indicate how an
assessment of the evolution of dark matter clustering may
be predicated on our formalism. In Section 7, we provide
an overview of our results and seek to embed these in the
wider context of the study of hierarchical structure forma-
tion. We also comment on how our results for the distribu-
tion of voids in the dark matter distribution may be related
to observations of voids in the galaxy distribution. Although
our model provides a useful framework, developing a more
detailed model is beyond the scope of this work. The results
of numerical studies of void galaxies in semi-analytic galaxy
formation models are described by Mathis & White (2002)
and Benson et al. (2003).

2 EVOLUTION OF ISOLATED VOIDS

The basic features of voids can be understood in terms of
the evolution of isolated density depressions. The net density
deficit brings about a sign reversal of the e!ective gravita-
tional force: a void form from a region which induces an
e!ective repulsive peculiar gravity.

In physical coordinates, overdense regions expand
slightly less rapidly than the background, reach a maximum
size, and then turn around and finally collapse to vanishingly
small size (this is strictly true only in an Einstein de-Sitter
or closed Universe). In contrast, underdense regions will not
turn around: they undergo simple expansion until matter
from their interior overtakes the initially outer shells. The
generic characteristics of these evolutionary paths may be
best appreciated in terms of the evolution of isolated spher-
ically symmetric density perturbations, either overdense or
underdense, in an otherwise homogeneous and expanding
background universe. These spherical models provide a key
reference for understanding and interpreting more complex
situations. As a result of the spherical symmetry, the prob-
lem is essentially one-dimensional, allowing a fully analytic
treatment and solution, making the model easier to ana-
lyze, interpret and understand. The spherical model for the
evolution of isolated voids is discussed in some detail in Ap-
pendix A.
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FIG. 8. Location of the G20 LOS on top of the lensing κ maps for

Mmin = 1013M⊙/h (top) and Mmin = 1014M⊙/h (bottom). The

result corresponds to θT = 10� and zhalo ∈ [0.1, 0.76], for the

ΛCDM model as in Fig. 7. Note how the G20 LOS trace better

regions of negative κ if Mmin is smaller. To facilitate visualization,

we only show one every fifty G20 LOS.

from the stacked κ maps as follows. For each radius, we

evaluate via interpolation the value of the stacked κ map on

40 points (we have checked that our conclusions are insensi-

tive to the exact choice of this number) uniformly distributed

along a ring with that radius centred at the center of the stack.

Our stacked profiles correspond to the mean value of these 40

sampled points and the errorbars show the standard deviation

around this mean.

The spherically averaged profiles of the maps of Fig. 5 are

shown in Fig. 6 (together with the corresponding G80 result in

ΛCDM, G20 in nDGPlens, as well as for the nDGP model

and other θT values). For all cases shown, on scales smaller

than θT , the G20 (G80) profiles exhibit a suppression (boost)

of the signal w.r.t. the value at larger radii. The G20 and G80

signal gets more pronounced with decreasing θT , which is in

accordance with what is found in the observational DES paper

[26]. At larger radii, all curves approach a constant value that

is larger than zero, which translates the fact that the FOV is

pointed towards a region of high projected density. This is the

same reason why the κ power spectrum of the ΛCDM tile has

a higher amplitude than the Halofit prediction in Fig. 2. In

this paper, we shall be more interested in analysing the sup-

pression (boost) of the lensing signal around G20 (G80) LOS

w.r.t. the mean in the FOV. For this reason, in the rest of the

paper we display the profiles of κ − �κ�, where �κ� is the

mean value of κ across all the 2048 × 2048 pixels that span

our FOV. For the ΛCDM, nDGP and nDGPlens maps one

has �κ� = 0.00205, �κ� = 0.00211 and �κ� = 0.00276, re-

spectively.

B. The impact of minimum halo mass, Mmin

Figure 7 shows the G field distributions (left) and stacked

κ profiles around G20 and G80 LOS (right) in ΛCDM for a

number of halo mass cutoffs Mmin, as labelled. The result

corresponds to θT = 10
�

and zhalo ∈ [0.1, 0.76]. As we have

already discussed in Sec. IV B, the distribution of the G field

shifts to lower values with increasing Mmin because the halo

distribution becomes sparser. What we wish to analyse here

is what happens to the G20 and G80 profiles. For the two

lowest mass cutoff values (Mmin = 5 × 10
12, 1013M⊙/h),

the profiles are close to one another (perhaps with a slight

trend for the signal to be weaker for Mmin = 10
13M⊙/h)

and the corresponding G20 and G80 profiles are fairly sym-

metric around the mean. On the other hand, the G20 pro-

files for the two highest mass cutoff values shown (Mmin =

5 × 10
13, 1014M⊙/h) are appreciably different from one an-

other, and are also not symmetric to the corresponding G80

profiles around the mean. More specifically, the G20 signal

becomes weaker with increasing Mmin, and in the particular

case of the Mmin = 10
14M⊙/h cutoff, the G20 profiles have

the amplitude of the mean convergence in the map on angular

scales larger than 20
�
.

This behaviour of the G20 profiles for high Mmin holds also

for other values of θT and can be linked to the fact that the G
distribution becomes significant at G = 0. Recall that, when-

ever the number of pixels with G = 0 exceeds 20%, we ran-

domly select a number of them that adds up to 20% of the

total number of pixels. An explanation of the result in Fig. 7

is therefore as follows. If the halo catalogue is too sparse,

then the G20 LOS are essentially chosen at random across the

FOV, and therefore, will not necessarily trace regions with the

lowest κ values. In other words, the absence of very massive

halos along a particular direction in the sky does not guarantee

that direction to be devoid of many lower mass haloes. Figure

8 shows the location of G20 LOS overlaid with the κ maps

of ΛCDM for two mass cutoff values. The figure illustrates

that, indeed, for the higher cutoff value Mmin = 10
14M⊙/h

(bottom), the location of the G20 LOS is much more decorre-

lated with low-κ regions, compared to the lower cutoff value

Mmin = 10
13M⊙/h (top). One other possible way to get in-

tuition about this result is to consider the rather extreme case

of a halo catalogue without any halos. In this case, all pixels

of the G field would have G = 0, and as as result, the lensing

Voids can have many definitions
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Figure 2. Void evolution. Six timesteps in the evolution of a void region in a 1283 particle N-body simulation of structure formation in
an SCDM model: top-left to bottom-right shows expansion factors aexp = 0.1, 0.2, 0.3, 0.35, 0.4 and 0.5 (the present time has aexp = 1.0).
Initial conditions were defined such that they would focus in on a 3!(4h!1Mpc) void, using a constrained random field code (Van de
Weygaert & Bertschinger 1996). The sequence shows the gradual development of a large void of diameter ! 25h!1Mpc as the complex
pattern of smaller voids and structures which had emerged within it at an earlier time, merge with one another. This illustrates one
aspect of the evolving void hierarchy: the void-in-void process.

Section 6 presents various other aspects of the hierar-
chically evolving void population. Global parameters, such
as the fraction of mass in the cosmos contained within void
regions, along with the fraction of space occupied by voids,
are readily derived from the void size distribution. In addi-
tion, the formalism is applied towards a reconstruction of
the ancestral history of a given void, followed by an evalu-
ation of the environmental influence on basic void proper-
ties. We also put forward suggestions towards an analytical
treatment of the influence of the void environment on the
galaxies that may form within. Finally, we indicate how an
assessment of the evolution of dark matter clustering may
be predicated on our formalism. In Section 7, we provide
an overview of our results and seek to embed these in the
wider context of the study of hierarchical structure forma-
tion. We also comment on how our results for the distribu-
tion of voids in the dark matter distribution may be related
to observations of voids in the galaxy distribution. Although
our model provides a useful framework, developing a more
detailed model is beyond the scope of this work. The results
of numerical studies of void galaxies in semi-analytic galaxy
formation models are described by Mathis & White (2002)
and Benson et al. (2003).

2 EVOLUTION OF ISOLATED VOIDS

The basic features of voids can be understood in terms of
the evolution of isolated density depressions. The net density
deficit brings about a sign reversal of the e!ective gravita-
tional force: a void form from a region which induces an
e!ective repulsive peculiar gravity.

In physical coordinates, overdense regions expand
slightly less rapidly than the background, reach a maximum
size, and then turn around and finally collapse to vanishingly
small size (this is strictly true only in an Einstein de-Sitter
or closed Universe). In contrast, underdense regions will not
turn around: they undergo simple expansion until matter
from their interior overtakes the initially outer shells. The
generic characteristics of these evolutionary paths may be
best appreciated in terms of the evolution of isolated spher-
ically symmetric density perturbations, either overdense or
underdense, in an otherwise homogeneous and expanding
background universe. These spherical models provide a key
reference for understanding and interpreting more complex
situations. As a result of the spherical symmetry, the prob-
lem is essentially one-dimensional, allowing a fully analytic
treatment and solution, making the model easier to ana-
lyze, interpret and understand. The spherical model for the
evolution of isolated voids is discussed in some detail in Ap-
pendix A.

c" 0000 RAS, MNRAS 000, 000–000
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Like any other structure in the Universe 
(e.g., clusters), voids can cause 
deflection of light rays and (anti)lensing

But there are difficulties in using void 
lensing:

1. voids do not have a common 
definition; has to try different definitions 
to find the optimal one

2. voids hive very low density contrast 
and noisy density profiles; to study their 
lensing effect one needs to stack a lot
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FIG. 1. Constraints on the HS model with n = 1. Dark and light shadings indicate the 68.3 and 95.4 per cent confidence
regions (accounting for systematic uncertainties) from the following data sets: the CMB combined with SNIa+BAO (blue),
and the combination of all these with clusters (gold). In the left panel, we use WMAP+ACT+SPT as CMB data, and
Planck+WP+lensing+ACT+SPT in the right panel.

the matter power spectrum !8 ! !(r = 8h!1Mpc, z = 0)
with this parameter. In this experiment, cluster masses
are also calibrated using weak lensing data, in order
to constrain instrumental (calibration) and astrophysical
(bias due to the assumption of hydrostatic equilibrium)
systematics.
As shown in [50], we could also employ our measure-

ments of the ratio between lensing and X-ray mass esti-
mates to constrain fR0. In our current analysis, this sig-
nal would be completely degenerate with our instrumen-
tal and astrophysical uncertainties, and from our present
estimates of these systematics, we would have little con-
straining power on fR0. However, this is a promising new
avenue for the near future.

B. CMB data

For the analyses including CMB data, we use measure-
ments from either the Wilkinson Microwave Anisotropy
Probe (WMAP 9-year release; [66, 67]) or the Planck
satellite (year-1 release plus WMAP polarization data,
hereafter denoted as Planck+WP; [68]). We also use
data from the gravitational lensing potential gener-
ated by large scale structures, as measured by the
Planck Collaboration [30]. We refer to the combina-
tion of these with Planck+WP power spectrum data as
Planck+WP+lensing. Our two complete sets of CMB
data also include high multipole measurements from
the Acatama Cosmology Telescope (ACT; [69]) and the
South Pole Telescope (SPT; [70–72]).
When using CMB data, we also fit for the cosmic

baryon and dark matter densities, !bh2 and !ch2; the
optical depth to reionization, " ; the amplitude and spec-

tral index of the scalar density perturbations, As and ns;
and the characteristic angular scale of the acoustic peaks,
# (which e"ectively determines H0). We also marginal-
ize over the set of nuisance parameters associated with
each CMB data set, accounting for the thermal Sunyaev-
Zel’dovich e"ect and unresolved foregrounds.

C. Additional data sets

Certain parameter degeneracies relevant at late times,
like the one between fR0 and !m, can be helped by in-
cluding additional cosmological distance probes, such as
those using SNIa and BAO data. We use the Union 2.1
compilation of SNIa [73], and BAO data from a combi-
nation of measurements from the 6-degree Field Galaxy
Survey (6dF; z = 0.106; [74]), the Sloan Digital Sky Sur-
vey (SDSS; z = 0.35 and z = 0.57; [75, 76]), and the Wig-
gleZ Dark Energy Survey (z = 0.44, 0.6 and 0.73; [77]).
Note, however, that including these additional data sets
a"ects our results only when we use WMAP+ACT+SPT
as a CMB data set. In this case, we find that the addi-
tion of SNIa+BAO data helps in breaking the degeneracy
with !m and improves our constraints on fR0 or B0. If
instead of WMAP we use Planck+WP, the impact of
adding SNIa+BAO data is negligible (see section V).

V. RESULTS

We obtain the posterior probability distribution func-
tions (pdf) of our parameters using the MCMC engine

F4

F5

F6

GR Cataneo et al. 2015

lensing by (stacked) voids

Cai et al., 2015

16 Cai et al.

Figure 15. Left: like Fig. 13 but showing the lensing tangential shear profiles from stacking all voids with 15 < r < 55Mpc/h. They are projected over two
times the void radius along the line of sight. !(< R)!!(R) is proportional to the surface mass density within the projected radius of R to which we subtract
the surface mass density at R. Right: the corresponding cumulative (from small to large radius) S/N for the differences between GR and f(R) models.

Figure 16. Covariance matrices of the predicted lensing tangential shear from stacking all voids with 15 < r < 55 Mpc/h from the 1-Gpc/h-aside GR
simulation. Left: the projection length along the line-of-sight is 2"rvoid; Right: the projection length is 8"rvoid.
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IV. WEAK LENSING SIMULATIONS: METHOD

In this section, we explain how our algorithm can be applied
to studies of weak gravitational lensing.

A. Lensing basics

We start with a brief recap of the basics of gravitational
lensing (see e.g. Refs. [17–20, 52, 53]). In a perturbed
Friedmann-Robertson-Walker (FRW) spacetime, the line el-
ement in the absence of anisotropic stress can be written as
(considering only scalar perturbations)

ds2 =

�
1 +

2Φ

c2

�
c2dt2 − a2

�
1− 2Φ

c2

�
ds2space, (29)

where a = 1/(1 + z) is the scale factor. Photons travelling
from distant sources towards an observer get their trajectories
bent due to the intervening gravitational potential, Φ. The (un-
observed) angular position of the source on the source plane,
�β, is related to the observed one, �θ, by the lensing deflection
angle �α as

βi = θi + αi

= θi − 2

c2

� χs

0

(χs − χ)

χs
∇xi

Φ(χ, �β(χ))dχ

= θi − 2

c2

� χs

0

(χs − χ)χ

χs
∇βi

Φ(χ, �β(χ))dχ, (30)

where i = 1, 2 denotes the two perpendicular directions to the
line-of-sight. The third line in Eq. (30) is obtained from the
second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi

= ∇xi
/χ. The

Jacobian matrix, Ai
j , of this source-to-observer mapping is ob-

tained by differentiating the above equation w.r.t. �θ as in

Ai
j = ∇θjβi = δij −

2

c2

� χs

0
g (χs,χ)∇βi

∇θjΦ(χ, �β(χ))dχ,

(31)

where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write

Ai
j = δij −

2

c2

� χs

0
g (χs,χ)∇θi

∇θjΦ(χ, �θ(χ))dχ,

(32)

in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form

Â =

�
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

�
, (33)

to define the lensing convergence, κ,

κ = 1−
�
A1

1 +A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ+∇2∇2Φ

�
dχ, (34)

and the two components of the lensing shear �γ = (γ1, γ2),

γ1 = −
�
A1

1 −A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ−∇2∇2Φ

�
dχ, (35)

γ2 = −A1
2 = −A2

1

=
2

c2

� χs

0
g (χs,χ)∇1∇2Φdχ, (36)

where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by

Ic = Qc

� χA

χB

χs − χ

χs
χdχ

=
Qc

χs

�
χs

2

�
χ2
A − χ2

B

�
− 1

3

�
χ3
A − χ3

B

��
. (37)

12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.
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luted at the center of the cells, then its interpolation to cell
vertices is as described in Sec. III H.

D. Alternative lensing integration in the code

The lensing methodology described above involves the cal-
culation of ∂a∂bΦ (a, b = x, y, z) on the mesh, which in-
evitably adds some computational overheads. However, as
described in this section, it is possible to compute κ and γ
by integrating only quantities that are computed by default in
RAMSES.

Equation (34) can be written as

c
2κ =

� χs

0
g (χs,χ)

�
∇2Φ−∇2

χΦ
�
dχ

=
3

2
Ωm0H

2
0

� χs

0
g (χs,χ)

δ

a
dχ +

� χs

0
∇χΦ ∂χgdχ +

1

c

� χs

0
g ∂t (∇χΦ) dχ − g∇χΦ

���
χs

0
, (43)

where in the second equality we have used the Poisson equa-
tion to relate the comoving three-dimensional Laplacian to the
matter density contrast, δ, and the term g∇2

χΦ was integrated
by parts using ∇χ = ∂t/c+ ∂χ, where t is the physical time.
The integration of the first term on the RHS of Eq. (43) is the
same as that of Eqs. (34), (35) and (36), but with δ/a as the
quantity Q

15. The second term is obtained analogously, but
with Q = ∇χΦ = sinθcosϕ∂xΦ + sinθsinϕ∂yΦ + cosθ∂zΦ
(where ∂xΦ, ∂yΦ and ∂zΦ are the negative of the three com-
ponents of the gravitational force) and the kernel K = ∂χg =
1− 2χ/χs. The third term involves the time derivative of the
potential, which is not calculated in RAMSES by default. In
the results presented in this paper, we neglect the contribution
from this term, which is expected to be small anyway (see
e.g. Ref. [21]).

The last term on the RHS of Eq. (43), which is a surface
term, is exactly zero in theory, since the lensing kernel g van-
ishes at χ = 0 and χ = χs. However, if one breaks down the
calculation of this term into the contributions coming from
each time step

g∇χΦ
���
χs

0
=

�

time steps

g∇χΦ
���
χi

χf

, (44)

where χi and χf are, respectively, the values of χ at the start
and end of a particle time step, then the result is not zero due to
discontinuities between particle time steps and at the bound-
ary of boxes in the tile. This is because, if RAMSES updates
the values of the potential from one time step to the next, then
its value at the end of the current time step (when the ray is at
χ = χtcurrent

f ) is not the same as at the start of the next time
step (when the ray is at χ = χtnext

i ), where χtcurrent
f = χtnext

i

15 In the current implementation of the code, a is taken to be constant dur-
ing the time step integration. This should not lead to big errors in high-
resolution simulations if the time steps are sufficiently small. There are
however ways to go beyond this by, for instance, implementing the relation
a(χ) in the integration.

16. As a result,

g∇χΦ
���
χs

0
= g∇χΦ

���
χ=χs

− g∇χΦ
���
χ=0

+ �disc

= �disc, (45)

where �disc denotes the cumulative error that arises due to the
discontinuities at each time step. The latter are unavoidable
since they are linked to the intrinsic discreteness of N-body
simulations. Note however that the nonzero value of �disc,
which comes from integrating the second term in the bracket
of the first line of Eq. (43), means that the same discreteness
also affects the integration of the first term there. Therefore,
having �disc included in the calculation for each time step can
reduce the error in the density integral of Eq. (43) that comes
from the same discreteness. We have checked explicitly that
including �disc brings the κ map obtained using Eq. (43) into
closer agreement with the result from Eq. (34).

Note that the discreteness in time also introduces another
source of error. For example, when computing the second
integral in Eq. (43), the values of ∇χΦ are assumed to be con-
stant in a time step, and therefore the integral misses the con-
tribution that comes from the time evolution of fields within
the time step. This also affects the integral of Eq. (34). How-
ever, we expect this error to be small in cosmological simula-
tions where the fine time step is typically of order ∆a ∼ 10−4

or smaller. In principle, our algorithm can be straightfor-
wardly extended to interpolate the fields between neighbour-
ing time steps so that they are continuous in time; however,
given the small error that this discontinuity causes, we will
leave this for future implementations.

In the end, we have two ways to compute the lensing con-
vergence. One is that of Eq. (34), which we call Method B
and it involves only one integral term. The other, which we
call Method A17, uses Eq. (43) and in the current implemen-

16 That is, the ending point at the current time step is the starting point at the
next time step integration.

17 This naming is the same as in Ref. [37].

In nonstandard models, the 
Poisson equation may be 
modified, so that the above 
derivation can fail. 

One cannot simply project 
the density field but has to 
use the full information of 
the potential.

But one rarely stores the 
information of the potential 
(it may not even exist in 
particle simulations).
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IV. WEAK LENSING SIMULATIONS: METHOD

In this section, we explain how our algorithm can be applied
to studies of weak gravitational lensing.

A. Lensing basics

We start with a brief recap of the basics of gravitational
lensing (see e.g. Refs. [17–20, 52, 53]). In a perturbed
Friedmann-Robertson-Walker (FRW) spacetime, the line el-
ement in the absence of anisotropic stress can be written as
(considering only scalar perturbations)

ds2 =

�
1 +

2Φ

c2

�
c2dt2 − a2

�
1− 2Φ

c2

�
ds2space, (29)

where a = 1/(1 + z) is the scale factor. Photons travelling
from distant sources towards an observer get their trajectories
bent due to the intervening gravitational potential, Φ. The (un-
observed) angular position of the source on the source plane,
�β, is related to the observed one, �θ, by the lensing deflection
angle �α as

βi = θi + αi

= θi − 2

c2

� χs

0

(χs − χ)

χs
∇xi

Φ(χ, �β(χ))dχ

= θi − 2

c2

� χs

0

(χs − χ)χ

χs
∇βi

Φ(χ, �β(χ))dχ, (30)

where i = 1, 2 denotes the two perpendicular directions to the
line-of-sight. The third line in Eq. (30) is obtained from the
second one by defining the derivatives w.r.t. the angular co-
ordinate ∇βi = χ∇xi , or equivalently, ∇βi

= ∇xi
/χ. The

Jacobian matrix, Ai
j , of this source-to-observer mapping is ob-

tained by differentiating the above equation w.r.t. �θ as in

Ai
j = ∇θjβi = δij −

2

c2

� χs

0
g (χs,χ)∇βi

∇θjΦ(χ, �β(χ))dχ,

(31)

where g (χs,χ) = (χs − χ)χ/χs. Note that the integral is
performed along the perturbed path of the photon, as indi-
cated by the β(χ) dependence of the potential inside the inte-
gral. Note also that one of the derivatives of Φ is w.r.t. �β and
another w.r.t. �θ. These two aspects add complication to the
ray tracing, but they can be neglected to obtain approximate
solutions. To first order, we can write

Ai
j = δij −

2

c2

� χs

0
g (χs,χ)∇θi

∇θjΦ(χ, �θ(χ))dχ,

(32)

in which the integral is now peformed along the unper-
turbed apparent direction of the photons, which is the so-
called Born approximation, and the derivatives are now both
w.r.t. �θ, which amounts to neglecting the so-called lens-lens

coupling12). The lensing results that we present in this pa-
per are obtained under these two approximations, which are
generally found to be valid, at least in what concerns deter-
minations of the power spectrum of lensing quantities [27].
The generalization of our ray tracing calculations to follow
the rays in their perturbed paths, as well as calculations that
take lens-lens coupling into account is the subject of ongoing
work (see e.g. the Appendix of Ref. [37] for a discussion).

Equation (32) can be written in matrix form

Â =

�
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

�
, (33)

to define the lensing convergence, κ,

κ = 1−
�
A1

1 +A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ+∇2∇2Φ

�
dχ, (34)

and the two components of the lensing shear �γ = (γ1, γ2),

γ1 = −
�
A1

1 −A2
2

�
/2

=
1

c2

� χs

0
g (χs,χ)

�
∇1∇1Φ−∇2∇2Φ

�
dχ, (35)

γ2 = −A1
2 = −A2

1

=
2

c2

� χs

0
g (χs,χ)∇1∇2Φdχ, (36)

where we have now denoted ∇i ≡ ∇θi for compactness of
notation.

B. Lensing integration in the code

The integrals of Eqs. (34), (35) and (36) can be found by us-
ing the algorithm outlined in Sec. III G. In the case of lensing,
the integration kernel in Eq. (12) is given by (up to factors
∝ 1/c2) K ≡ g(χs,χ), and the quantity Q that one needs
to evaluate at cell vertices is Q = ∇1∇1Φ + ∇2∇2Φ for κ,
Q = ∇1∇1Φ − ∇2∇2Φ for γ1, and Q = ∇1∇2Φ, for γ2.
Consequently, the contribution of each crossed cell to the in-
tegral according to method NGP (cf. Eq. (13)) is given by

Ic = Qc

� χA

χB

χs − χ

χs
χdχ

=
Qc

χs

�
χs

2

�
χ2
A − χ2

B

�
− 1

3

�
χ3
A − χ3

B

��
. (37)

12 Lens-lens coupling refers to the correlation between the distortions of the
sources with the intervening sources that act as lenses, whose images and
positions seen by the observer are also distorted.
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luted at the center of the cells, then its interpolation to cell
vertices is as described in Sec. III H.

D. Alternative lensing integration in the code

The lensing methodology described above involves the cal-
culation of ∂a∂bΦ (a, b = x, y, z) on the mesh, which in-
evitably adds some computational overheads. However, as
described in this section, it is possible to compute κ and γ
by integrating only quantities that are computed by default in
RAMSES.

Equation (34) can be written as

c
2κ =

� χs

0
g (χs,χ)

�
∇2Φ−∇2

χΦ
�
dχ

=
3

2
Ωm0H

2
0

� χs

0
g (χs,χ)

δ

a
dχ +

� χs

0
∇χΦ ∂χgdχ +

1

c

� χs

0
g ∂t (∇χΦ) dχ − g∇χΦ

���
χs

0
, (43)

where in the second equality we have used the Poisson equa-
tion to relate the comoving three-dimensional Laplacian to the
matter density contrast, δ, and the term g∇2

χΦ was integrated
by parts using ∇χ = ∂t/c+ ∂χ, where t is the physical time.
The integration of the first term on the RHS of Eq. (43) is the
same as that of Eqs. (34), (35) and (36), but with δ/a as the
quantity Q

15. The second term is obtained analogously, but
with Q = ∇χΦ = sinθcosϕ∂xΦ + sinθsinϕ∂yΦ + cosθ∂zΦ
(where ∂xΦ, ∂yΦ and ∂zΦ are the negative of the three com-
ponents of the gravitational force) and the kernel K = ∂χg =
1− 2χ/χs. The third term involves the time derivative of the
potential, which is not calculated in RAMSES by default. In
the results presented in this paper, we neglect the contribution
from this term, which is expected to be small anyway (see
e.g. Ref. [21]).

The last term on the RHS of Eq. (43), which is a surface
term, is exactly zero in theory, since the lensing kernel g van-
ishes at χ = 0 and χ = χs. However, if one breaks down the
calculation of this term into the contributions coming from
each time step

g∇χΦ
���
χs

0
=

�

time steps

g∇χΦ
���
χi

χf

, (44)

where χi and χf are, respectively, the values of χ at the start
and end of a particle time step, then the result is not zero due to
discontinuities between particle time steps and at the bound-
ary of boxes in the tile. This is because, if RAMSES updates
the values of the potential from one time step to the next, then
its value at the end of the current time step (when the ray is at
χ = χtcurrent

f ) is not the same as at the start of the next time
step (when the ray is at χ = χtnext

i ), where χtcurrent
f = χtnext

i

15 In the current implementation of the code, a is taken to be constant dur-
ing the time step integration. This should not lead to big errors in high-
resolution simulations if the time steps are sufficiently small. There are
however ways to go beyond this by, for instance, implementing the relation
a(χ) in the integration.

16. As a result,

g∇χΦ
���
χs

0
= g∇χΦ

���
χ=χs

− g∇χΦ
���
χ=0

+ �disc

= �disc, (45)

where �disc denotes the cumulative error that arises due to the
discontinuities at each time step. The latter are unavoidable
since they are linked to the intrinsic discreteness of N-body
simulations. Note however that the nonzero value of �disc,
which comes from integrating the second term in the bracket
of the first line of Eq. (43), means that the same discreteness
also affects the integration of the first term there. Therefore,
having �disc included in the calculation for each time step can
reduce the error in the density integral of Eq. (43) that comes
from the same discreteness. We have checked explicitly that
including �disc brings the κ map obtained using Eq. (43) into
closer agreement with the result from Eq. (34).

Note that the discreteness in time also introduces another
source of error. For example, when computing the second
integral in Eq. (43), the values of ∇χΦ are assumed to be con-
stant in a time step, and therefore the integral misses the con-
tribution that comes from the time evolution of fields within
the time step. This also affects the integral of Eq. (34). How-
ever, we expect this error to be small in cosmological simula-
tions where the fine time step is typically of order ∆a ∼ 10−4

or smaller. In principle, our algorithm can be straightfor-
wardly extended to interpolate the fields between neighbour-
ing time steps so that they are continuous in time; however,
given the small error that this discontinuity causes, we will
leave this for future implementations.

In the end, we have two ways to compute the lensing con-
vergence. One is that of Eq. (34), which we call Method B
and it involves only one integral term. The other, which we
call Method A17, uses Eq. (43) and in the current implemen-

16 That is, the ending point at the current time step is the starting point at the
next time step integration.

17 This naming is the same as in Ref. [37].

However, in mesh based 
simulations we generally 
have very complete 
information of the potential 
itself. Can we make use this 
information?

We can store this 
information like particle 
data.

Alternatively, we can do ray 
tracing on the fly of the 
simulation when such info is 
still there
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FIG. 4.ÈRegion enclosed by the square in Note that the mesh generator tends to build almost rectangular meshes around dense isolated clumpsFig. 3a.
of particles, while to trace a Ðlament the generator creates meshes of arbitrary shape that e†ectively cover the elongated structures in particle distribution.

the actual time integration of the N-body system). This
Ðnite di†erence method is stable when *q ¹ *2/6 et(Press
al. If we choose the maximum allowed time step1992).
*q \ *2/6, the above equation can be rewritten in the form
of the following iteration formula :

/
i,j,kn`1 \ 1

6
A

;
nb/1

6
/nbn [ 6/

i,j,kn
B[ *2

6
o
i,j,k . (4)

The relaxation iteration thus averages the potential of a
cellÏs six neighbors and subtracts the contribution from the
source term. Cells in the boundary layer will have some
neighbors belonging to the coarser level. In this case, we
need to interpolate to get the potential at the location of the
expected neighbor. It is desirable that the interpolation
maintain continuity and isotropy of the force (see the dis-
cussion in et al. We have found that linearJessop 1994).
interpolation perpendicular to the boundary that incorpor-
ates both coarser and Ðner cell potentials is satisfactory ; we
get the interpolated value of the potential on the boundary
of level l as
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respectively. We found the optimal value of to be 0.2 byw
iminimizing the force discontinuity for particles moving

through mesh boundaries. The iterative procedure
described above is repeated until the desired level of con-
vergence is achieved. We can speed up the convergence of
the relaxation procedure considerably by using an initial
guess for the solution that is already close to the Ðnal solu-
tion. Such an initial guess can be obtained by interpolating
the potential from the previous coarser mesh, for which the
Poisson equation was already solved. By doing so, we need
only 2È3 iterations to Ðnd the potential to an accuracy of a
one or two percent. Nevertheless, a higher accuracy is
needed because the potential is then di†erentiated to get the
accelerations ; the errors in accelerations are thus larger
than the errors in the potential. Therefore, we would need to
make more iterations to reach the same D1È2% accuracy
level in the acceleration. The number of required iterations,
however, can be considerably reduced by using the so-called
successive overrelaxation (SOR) technique &(Hockney
Eastwood et al. In this technique, the1981 ; Press 1992).
solution in a given cell is computed as a weighted average,

/*n`1 \ u/n`1 ] (1 [ u)/n , (6)

where /n`1 is the solution obtained via the iteration
/n is the solution from previous iteration step,equation (4),

and u is the overrelaxation parameter. The parameter u can
be adjusted to minimize the number of iterations required
to achieve a certain accuracy level.

Kravtsov et al (1997)

Instead of projecting the density field, project the derivatives of the 
potential itself. One can do this as the light ray passes each cell.

Barreira et al (2016)



Ray Shooting Simulations78 KRAVTSOV, KLYPIN, & KHOKHLOV Vol. 111

FIG. 4.ÈRegion enclosed by the square in Note that the mesh generator tends to build almost rectangular meshes around dense isolated clumpsFig. 3a.
of particles, while to trace a Ðlament the generator creates meshes of arbitrary shape that e†ectively cover the elongated structures in particle distribution.
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than the errors in the potential. Therefore, we would need to
make more iterations to reach the same D1È2% accuracy
level in the acceleration. The number of required iterations,
however, can be considerably reduced by using the so-called
successive overrelaxation (SOR) technique &(Hockney
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solution in a given cell is computed as a weighted average,
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/n is the solution from previous iteration step,equation (4),

and u is the overrelaxation parameter. The parameter u can
be adjusted to minimize the number of iterations required
to achieve a certain accuracy level.
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Instead of projecting the density field, project the derivatives of the 
potential itself. One can do this as the light ray passes each cell.

Pros: accurate analytical 
integration algorithm 
available; no need to store 
loads of info (especially on 
refinements); 
straightforward

Cons: has to set up the ray 
directions before the 
simulation starts, so that 
rays arrive at observer 
today. Ray shooting rather 
than ray tracing - does not 
allow non straight rays, but 
perhaps not a big problem.
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Clusters of Galaxies

• Galaxy clusters are amongst the largest virialised objects in 
the Universe

• Massive clusters are the real-world counterparts of the dark 
matter haloes towards the high mass end of the halo mass 
function

• High mass haloes are rare.
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There are few massive 
haloes. The halo mass 
function becomes very steep 
towards the high mass end.

Good news: their abundance 
is sensitive to the expansion 
rate of the Universe, as well 
as the nature of gravity, 
making them an excellent 
observable to constrain 
LCDM and test nonstandard 
models
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There are few massive 
haloes. The halo mass 
function becomes very steep 
towards the high mass end.

Bad news: to use cluster 
abundance to constrain 
models, one has to have 
precise information about 
cluster mass: a small error 
can cause a much larger 
error in abundance.
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There are few massive 
haloes. The halo mass 
function becomes very steep 
towards the high mass end.

Bad news: cluster mass is not 
a direct observable, but has 
to be inferred from other 
observables, e.g., strength of 
lensing signal, X-ray 
temperature of cluster, etc..  
Intrinsic systematic errors 
with these observables.
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Figure 2. Scaling relations at z = 0 between the total mass computed within R500 and three mass proxies: Mgas, Tmw and YX. The
evolution of the relation is scaled accordingly, with ! = 0, 1 and 2/5, respectively. On each figure we plot the results for non-radiative
(blue open squares) and radiative (red filled circles) runs for clusters in Set 1 with Mvir > 5 ! 1013 h!1M". The short dashed (red)
and dashed (blue) lines are the best fit relations of respectively radiative and non–radiative cluster simulations with slopes fixed to the
self–similar value. Left panel: scaling with Mgas; central panel: scaling with mass–weighted temperature, Tmw; right panel: scaling with
YX. The values of Tmw appearing in the central panel and entering in the computation of YX in the right panel are computed within the
radial range (0.15–1)R500 .

Figure 3. Distributions of the residuals in log–mass in the scaling relations at z = 0 between mass proxies and Mtot,500, for the non–
radiative (upper red histograms) and radiative (lower blue histograms) runs of simlated clusters from Set 1. Residuals are computed
with respect to the relation that fits at best the simulated clusters data. Left panel: scaling with Mgas; central panel: scaling with
mass–weighted temperature, Tmw; right panel: scaling with YX. Dotted curves in green show the Gaussian distribution having the same
variance of the distribution of residuals in mass (as reported in Tables 1, 2 and 3).

such regions suppresses the scatter in the scaling relation
involving temperature (e.g., Pratt et al. 2009, and refer-
ences therein). Furthermore, it places us in the regime where
simulations are in closer agreement with observations (e.g.,
Borgani et al. 2004). The choice of the radial interval where
to compute mass proxies represents our only attempt to in-
troduce “observational e!ects” in our analysis. Indeed, in
this paper (Paper I) we prefer to analyse in detail the in-
trinsic performances of the three above mass proxies, i.e.
neglecting any possible observational bias which will be ad-
dressed in Paper II (Rasia et al., in prep.). We want to stress
out that in this analysis i) we estimate all quantities in three-
dimensions (i.e., neglecting projection e!ects); ii) unless oth-
erwise stated, we use the mass–weighted definition of tem-
perature; iii) we do not remove gas clumps at relatively low

temperature when we compute both temperature and gas
mass.

The simplest description of scaling relations between
galaxy cluster mass and X–ray observables is that provided
by the self–similar model originally proposed by (Kaiser
1986). According to this model, the thermodynamical prop-
erties of the ICM are determined only by the action of grav-
ity, under the assumption of virial equilibrium and spherical
simmetry (e.g., Voit 2005b, for a review). Within this model
cluster total mass is the only parameter that determines all
the thermodynamical properties of the hot intra–cluster gas.
Accordingly, the cluster gas mass within the radius R! is
proportional to the total mass computed within the same
radius,

Mtot,! = CMgMgas,! , (1)

c" 0000 RAS, MNRAS 000, 000–000
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such regions suppresses the scatter in the scaling relation
involving temperature (e.g., Pratt et al. 2009, and refer-
ences therein). Furthermore, it places us in the regime where
simulations are in closer agreement with observations (e.g.,
Borgani et al. 2004). The choice of the radial interval where
to compute mass proxies represents our only attempt to in-
troduce “observational e!ects” in our analysis. Indeed, in
this paper (Paper I) we prefer to analyse in detail the in-
trinsic performances of the three above mass proxies, i.e.
neglecting any possible observational bias which will be ad-
dressed in Paper II (Rasia et al., in prep.). We want to stress
out that in this analysis i) we estimate all quantities in three-
dimensions (i.e., neglecting projection e!ects); ii) unless oth-
erwise stated, we use the mass–weighted definition of tem-
perature; iii) we do not remove gas clumps at relatively low

temperature when we compute both temperature and gas
mass.

The simplest description of scaling relations between
galaxy cluster mass and X–ray observables is that provided
by the self–similar model originally proposed by (Kaiser
1986). According to this model, the thermodynamical prop-
erties of the ICM are determined only by the action of grav-
ity, under the assumption of virial equilibrium and spherical
simmetry (e.g., Voit 2005b, for a review). Within this model
cluster total mass is the only parameter that determines all
the thermodynamical properties of the hot intra–cluster gas.
Accordingly, the cluster gas mass within the radius R! is
proportional to the total mass computed within the same
radius,

Mtot,! = CMgMgas,! , (1)
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Figure 6. Scaling relations at z = 0 between the total mass and three mass proxies (YX and Mgas computed inside R500, Tmw evaluated
extracting the central 0.15R500). The evolution of the relation is scaled accordingly, with ! = 2/5, 0 and 1, respectively. Best fits of
non–radiative Set 2 simulations are represented by long dashed green and short dashed blue lines (NR-RV and NR-SV respectively),
compared with the best fit of the Set 1 NR-SV clusters with red continuous line. For this comparison we scaled the results of Mgas and
Tmw obtained for clusters of Set 1 simulations to the baryon fraction of Set 2.

Figure 7. E!ect of di!erent physics models on scaling relations between total mass and YX, Mgas and Tmw at z = 0 for the radiative
simulations of Set 1. The evolution of the relation is scaled accordingly, with ! = 2/5, 0 and 1, respectively. For each simulated physics
we plot cluster data with purple dots (CSF), cyan squares (CSF-C), blue triangles (CSF-M-NW), green diamonds (CSF-M-W) and red
triangles (CSF-M-AGN). For clarity, data points are overplotted with the best-fitting relation for each of the five physics, using the same
colour coding of the points.

4 CONCLUSIONS

Galaxy clusters are powerful tools for cosmological studies,
since the evolution of their mass function constrain the nor-
malization of the power spectrum, the density parameter
of dark matter and dark energy as well as the dark energy
equation of state, through the linear growth rate of density
perturbations. When observed in the X–ray band, their high
emissivity allows clusters to be detected so far out to high
redshifts, z ! 1.5. However, to fully exploit the potential of
galaxy clusters as tracers of cosmic evolution, it is necessary
to understand in detail the relation between mass proxies,

based on easy-to-measure X–ray observables, and total clus-
ter mass.

In this paper we focused on the study of the Mgas Tmw

and YX mass proxies and the e!ect that di!erent physical
mechanisms have on the mass–observable relations. The aim
of this analysis was to answer through simulations to three
questions: (1) Which is the mass proxy that is least sensitive
to the uncertain knowledge of the physical processes deter-
mining the thermodynamical structure of the ICM? (2) To
what extent such mass proxies follow the prediction of the
self–similar model for the shape of scaling relations and their
redshift evolution? (3) How large is the intrinsic scatter in
these scaling relations and how does it evolve with redshift?

c! 0000 RAS, MNRAS 000, 000–000

Observable mass relations 
relate cluster mass with direct 
observables such as its X-ray 
temperature.

These can be obtained by fitting 
to a subset of good quality 
observational data, or by using 
state-of-the-art hydrodynamical 
simulations, etc..

Need parameters to describe the 
slope and normalisation of the 
scaling relation.

observable
mass
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cluster 
catalogue

theory

cluster 
observables

? ? ?

simulations give accurate 
predictions, but not realistic to 
search the model parameter 
space continuously. Can use 
fitting formulae (Lecture 3)

needs to be careful with mass 
definition in simulations to 
match the mass definition used 
in observations.

O-M relations
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case 1: assuming no good knowledge.

case 2: with good knowledge for LCDM, which 
is expected to apply in nonstandard models.

case 3: with good knowledge for LCDM, which 
does not apply in nonstandard models.

O-M relations



Case 1 Example

6

FIG. 1. Constraints on the HS model with n = 1. Dark and light shadings indicate the 68.3 and 95.4 per cent confidence
regions (accounting for systematic uncertainties) from the following data sets: the CMB combined with SNIa+BAO (blue),
and the combination of all these with clusters (gold). In the left panel, we use WMAP+ACT+SPT as CMB data, and
Planck+WP+lensing+ACT+SPT in the right panel.

the matter power spectrum !8 ! !(r = 8h!1Mpc, z = 0)
with this parameter. In this experiment, cluster masses
are also calibrated using weak lensing data, in order
to constrain instrumental (calibration) and astrophysical
(bias due to the assumption of hydrostatic equilibrium)
systematics.
As shown in [50], we could also employ our measure-

ments of the ratio between lensing and X-ray mass esti-
mates to constrain fR0. In our current analysis, this sig-
nal would be completely degenerate with our instrumen-
tal and astrophysical uncertainties, and from our present
estimates of these systematics, we would have little con-
straining power on fR0. However, this is a promising new
avenue for the near future.

B. CMB data

For the analyses including CMB data, we use measure-
ments from either the Wilkinson Microwave Anisotropy
Probe (WMAP 9-year release; [66, 67]) or the Planck
satellite (year-1 release plus WMAP polarization data,
hereafter denoted as Planck+WP; [68]). We also use
data from the gravitational lensing potential gener-
ated by large scale structures, as measured by the
Planck Collaboration [30]. We refer to the combina-
tion of these with Planck+WP power spectrum data as
Planck+WP+lensing. Our two complete sets of CMB
data also include high multipole measurements from
the Acatama Cosmology Telescope (ACT; [69]) and the
South Pole Telescope (SPT; [70–72]).
When using CMB data, we also fit for the cosmic

baryon and dark matter densities, !bh2 and !ch2; the
optical depth to reionization, " ; the amplitude and spec-

tral index of the scalar density perturbations, As and ns;
and the characteristic angular scale of the acoustic peaks,
# (which e"ectively determines H0). We also marginal-
ize over the set of nuisance parameters associated with
each CMB data set, accounting for the thermal Sunyaev-
Zel’dovich e"ect and unresolved foregrounds.

C. Additional data sets

Certain parameter degeneracies relevant at late times,
like the one between fR0 and !m, can be helped by in-
cluding additional cosmological distance probes, such as
those using SNIa and BAO data. We use the Union 2.1
compilation of SNIa [73], and BAO data from a combi-
nation of measurements from the 6-degree Field Galaxy
Survey (6dF; z = 0.106; [74]), the Sloan Digital Sky Sur-
vey (SDSS; z = 0.35 and z = 0.57; [75, 76]), and the Wig-
gleZ Dark Energy Survey (z = 0.44, 0.6 and 0.73; [77]).
Note, however, that including these additional data sets
a"ects our results only when we use WMAP+ACT+SPT
as a CMB data set. In this case, we find that the addi-
tion of SNIa+BAO data helps in breaking the degeneracy
with !m and improves our constraints on fR0 or B0. If
instead of WMAP we use Planck+WP, the impact of
adding SNIa+BAO data is negligible (see section V).

V. RESULTS

We obtain the posterior probability distribution func-
tions (pdf) of our parameters using the MCMC engine

F4

F5

F6

GR Cataneo et al. 2015

cluster abundance Even without exact prior 
knowledge of the parameters in 
the O-M relation, one can regard 
these parameters as part of ‘the 
model’, and use MCMC to search 
the combined parameter space 
consisting of theory (e.g., 
modified gravity)parameters 
plus these parameters.

Cataneo et al. 2015 used this 
method to place strong 
constraint on f(R) gravity [left]



Case 2 Example

In some cases, we may have a 
good model for the relation 
between cluster observable and 
cluster mass. 

One such example of cluster 
observable is the weak lensing 
peak counts.

WL peaks are regions in the 
lensing map where lensing 
effect is strong, and they 
generally correspond to large 
clusters. 

DES



Case 2 Example

There are models which can 
connect the abundance of such 
peaks to halo abundance 
(verified by mock data).

In the case of f(R) gravity, 
modified gravity does not affect 
the trajectories of photons, and 
so the model is expected to work 
as well (verified by mock data).

This method has the advantage 
that lensing is overall effect, and 
less affected by baryon physics

DES
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tal and astrophysical uncertainties, and from our present
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Planck+WP+lensing. Our two complete sets of CMB
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South Pole Telescope (SPT; [70–72]).
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# (which e"ectively determines H0). We also marginal-
ize over the set of nuisance parameters associated with
each CMB data set, accounting for the thermal Sunyaev-
Zel’dovich e"ect and unresolved foregrounds.

C. Additional data sets

Certain parameter degeneracies relevant at late times,
like the one between fR0 and !m, can be helped by in-
cluding additional cosmological distance probes, such as
those using SNIa and BAO data. We use the Union 2.1
compilation of SNIa [73], and BAO data from a combi-
nation of measurements from the 6-degree Field Galaxy
Survey (6dF; z = 0.106; [74]), the Sloan Digital Sky Sur-
vey (SDSS; z = 0.35 and z = 0.57; [75, 76]), and the Wig-
gleZ Dark Energy Survey (z = 0.44, 0.6 and 0.73; [77]).
Note, however, that including these additional data sets
a"ects our results only when we use WMAP+ACT+SPT
as a CMB data set. In this case, we find that the addi-
tion of SNIa+BAO data helps in breaking the degeneracy
with !m and improves our constraints on fR0 or B0. If
instead of WMAP we use Planck+WP, the impact of
adding SNIa+BAO data is negligible (see section V).

V. RESULTS

We obtain the posterior probability distribution func-
tions (pdf) of our parameters using the MCMC engine

F4

F5

F6

GR Cataneo et al. 2015

!"#$%&!'()*+,%-./*"0123#+/% %
%
%
%

WL peak counts

Liu, et al., 2016

cluster abundance

This method gives very strong 
constraints on the f(R) model.

F5 F4F6



4

TABLE I. The average relative differences of scaling relations be-
tween f(R) and ΛCDM models.

BeforeRescaling AfterRescaling

< Lf(R)
X /LΛCDM

X > −1 27.2% 13.1%

< Y f(R)
SZ /Y ΛCDM

SZ > −1 19.7% 3.1%

< Y f(R)
X /Y ΛCDM

X > −1 19.6% 3.2%

The second one is the integrated SZ Compton y-parameter

YSZ(< r) =
σT

mec2

� r

0
dr4πr2Pe , (7)

where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =

2+µ
5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas

� r

0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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Eff ) ≈ Y ΛCDM
X (MΛCDM = Mf(R)

Eff ) .

(9)

The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-

X-ray luminosity

SZ Compton Y

X-ray Compton Y

3

ternal energy Egas (internal energy per unit gas mass) of gas

β ≡ Kcdm

Egas
=

σ2
vcdm

/2

Pgas/ρgas/(γ − 1)
=

µmpσ2
vcdm

3kBT
. (2)

If we consider the 3-D velocity dispersion σ2
vcdm

as a measure

of the temperature of cold dark matter [21], then β is simply

the ratio of temperatures between cold dark matter and gas.

As shown in Fig. 1, the temperature profile does not vary

significantly outside the core region and so gas and cold dark

matter can be roughly treated as isothermal. Furthermore,

if we assume a hydrostatic equilibrium between them, the

shapes of the gas and dark matter density profile are related

by [22]

β ≈ d ln ρgas/d ln r

d ln ρcdm/d ln r
. (3)

In the ΛCDM model, this feature has been verified by a num-

ber of numerical simulations [23]. As shown in the fourth

row of Fig. 1, it is interesting to find that β is almost identical

in f(R) and ΛCDM models. According to Eq. (3), outside

the core region the gas density profile in f(R) gravity should

trace the dark matter density profile in the same way as that in

the ΛCDM model. As indicated in the second row of Fig. 1,

at r > Rvir/2, in the standard catalog, the gas density pro-

file in f(R) gravity matches the ΛCDM result (blue and black

lines); in the effective catalog, the gas density profile in the

f(R) model matches the ΛCDM one with a rescaled baryon

fraction (red and green lines).

According to the gas density and temperature profiles, it can

be expected that the profiles of other physical quantities that

depend on gas density and temperature should have the fol-

lowing features: inside the core region, effective halos should

behave similarly to ΛCDM halos; outside the core region,

effective halos should resemble ΛCDM halos with rescaled

gas fractions by Mf(R)/Mf(R)
Eff . For illustrative purposes, we

demonstrate the above point by showing the profile of the

surface brightness I(r). Since I(r) ∝ ρgas(r)2Tgas(r)1/2,

in the last row of Fig. 1 we only show the profile of

ρgas(r)2Tgas(r)1/2. It is evident that the ρgas(r)2Tgas(r)1/2

profile has the features as just described the above.

Scaling relations. We next turn to the scaling relations of

accumulated physical quantities. The accumulated quantities,

such as the luminosity LX, describe the properties of clusters

as a whole. In general, they are less sensitive to the profiles

in the core region because the latter has a small volume and

contributes little to the total accumulated value, but they are

more sensitive to the profiles at relatively larger radius. As

noted earlier, outside the core region, the profiles of effective

halos in f(R) gravity closely resemble those in the ΛCDM

model with rescaled gas fractions. This feature, as we shall

show later, can help us build a connection between the scaling

relations of physical quantities of f(R) effective and ΛCDM

halos.

We start with the temperature-mass relation. As shown in

the left panel of Fig. 2, in the standard catalog, the gas temper-

atures of unscreened f(R) halos are higher than those of the

ΛCDM haloes with the same masses, which is consistent with

FIG. 2. Gas temperature as a function of halo mass in the ΛCDM

model (black symbols) and f(R) gravity (red symbols). Left: the

standard halo catalogue of f(R) gravity is used. Right: the effective

halo catalogue of f(R) gravity is used. The shaded regions represent

1σ scatter.

what was found in [24] . However, in the effective catalog, as

shown in the right panel of Fig. 3, the Tgas-M relation in the

two models agree very well to each other

T f(R)
gas (Mf(R)

Eff ) = TΛCDM
gas (MΛCDM) . (4)

This is a natural result from the gas temperature profile as

discussed above.

For gas densities, we have seen above that outside the core

region we have

ρf(R)
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Eff

ρΛCDM
gas (r) ∝ Mf(R)

Mf(R)
Eff

Ωb
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(r2+r2core)

−3β/2 ,

where rcore is the core radius. For an f(R) effective halo with

the same mass as a ΛCDM halo, Mf(R)
Eff = MΛCDM

, from the

above equation and the fact that f(R) effective and ΛCDM

halos have very similar temperature profiles, it follows that
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gas )b ,

(5)

where a and b are indices of power.

The above relation is one of the key results in this paper and

it indicates the important relation of accumulated gas quanti-

ties between f(R) effective halos and ΛCDM halos. In order

to test the validity and illustrate the use of Eq. (5), we inves-

tigate three most important and frequently used quantities in

cluster surveys as examples. The first one is the x-ray lumi-

nosity LX which, for a cluster, can be written as

LX(< r) =

� r

0
dr4πr2ρ2gasT

1/2
gas . (6)

LX is sensitive to the details of the gas distribution in the cen-

tral region and depends on the dynamical state of the cluster.

As a cluster mass proxy, LX-M has large scatters.
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TABLE I. The average relative differences of scaling relations be-
tween f(R) and ΛCDM models.

BeforeRescaling AfterRescaling

< Lf(R)
X /LΛCDM

X > −1 27.2% 13.1%

< Y f(R)
SZ /Y ΛCDM

SZ > −1 19.7% 3.1%

< Y f(R)
X /Y ΛCDM

X > −1 19.6% 3.2%

The second one is the integrated SZ Compton y-parameter

YSZ(< r) =
σT

mec2

� r

0
dr4πr2Pe , (7)

where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =

2+µ
5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas

� r

0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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Eff ) .

(9)

The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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TABLE I. The average relative differences of scaling relations be-
tween f(R) and ΛCDM models.

BeforeRescaling AfterRescaling

< Lf(R)
X /LΛCDM

X > −1 27.2% 13.1%

< Y f(R)
SZ /Y ΛCDM

SZ > −1 19.7% 3.1%

< Y f(R)
X /Y ΛCDM

X > −1 19.6% 3.2%

The second one is the integrated SZ Compton y-parameter

YSZ(< r) =
σT

mec2

� r

0
dr4πr2Pe , (7)

where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =

2+µ
5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas

� r

0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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(9)

The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-

In many other cases, we may 
have a good knowledge of the 
relation between certain cluster 
observables and the cluster’s 
mass (for example, these can be 
learned from hydrodynamical 
simulations) for the LCDM 
model.

However, naively, such relations 
are not work for nonstandard 
models.
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The second one is the integrated SZ Compton y-parameter
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where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =

2+µ
5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas
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0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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(9)

The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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matter can be roughly treated as isothermal. Furthermore,

if we assume a hydrostatic equilibrium between them, the

shapes of the gas and dark matter density profile are related

by [22]
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In the ΛCDM model, this feature has been verified by a num-

ber of numerical simulations [23]. As shown in the fourth

row of Fig. 1, it is interesting to find that β is almost identical

in f(R) and ΛCDM models. According to Eq. (3), outside

the core region the gas density profile in f(R) gravity should

trace the dark matter density profile in the same way as that in

the ΛCDM model. As indicated in the second row of Fig. 1,

at r > Rvir/2, in the standard catalog, the gas density pro-

file in f(R) gravity matches the ΛCDM result (blue and black

lines); in the effective catalog, the gas density profile in the

f(R) model matches the ΛCDM one with a rescaled baryon

fraction (red and green lines).

According to the gas density and temperature profiles, it can

be expected that the profiles of other physical quantities that

depend on gas density and temperature should have the fol-

lowing features: inside the core region, effective halos should

behave similarly to ΛCDM halos; outside the core region,

effective halos should resemble ΛCDM halos with rescaled

gas fractions by Mf(R)/Mf(R)
Eff . For illustrative purposes, we

demonstrate the above point by showing the profile of the

surface brightness I(r). Since I(r) ∝ ρgas(r)2Tgas(r)1/2,

in the last row of Fig. 1 we only show the profile of

ρgas(r)2Tgas(r)1/2. It is evident that the ρgas(r)2Tgas(r)1/2

profile has the features as just described the above.

Scaling relations. We next turn to the scaling relations of

accumulated physical quantities. The accumulated quantities,

such as the luminosity LX, describe the properties of clusters

as a whole. In general, they are less sensitive to the profiles

in the core region because the latter has a small volume and

contributes little to the total accumulated value, but they are

more sensitive to the profiles at relatively larger radius. As

noted earlier, outside the core region, the profiles of effective

halos in f(R) gravity closely resemble those in the ΛCDM

model with rescaled gas fractions. This feature, as we shall

show later, can help us build a connection between the scaling

relations of physical quantities of f(R) effective and ΛCDM

halos.

We start with the temperature-mass relation. As shown in

the left panel of Fig. 2, in the standard catalog, the gas temper-

atures of unscreened f(R) halos are higher than those of the

ΛCDM haloes with the same masses, which is consistent with

FIG. 2. Gas temperature as a function of halo mass in the ΛCDM

model (black symbols) and f(R) gravity (red symbols). Left: the

standard halo catalogue of f(R) gravity is used. Right: the effective

halo catalogue of f(R) gravity is used. The shaded regions represent

1σ scatter.

what was found in [24] . However, in the effective catalog, as

shown in the right panel of Fig. 3, the Tgas-M relation in the

two models agree very well to each other

T f(R)
gas (Mf(R)

Eff ) = TΛCDM
gas (MΛCDM) . (4)

This is a natural result from the gas temperature profile as

discussed above.

For gas densities, we have seen above that outside the core

region we have

ρf(R)
gas (r) ≈ Mf(R)

Mf(R)
Eff

ρΛCDM
gas (r) ∝ Mf(R)

Mf(R)
Eff

Ωb

Ωm
(r2+r2core)

−3β/2 ,

where rcore is the core radius. For an f(R) effective halo with

the same mass as a ΛCDM halo, Mf(R)
Eff = MΛCDM

, from the

above equation and the fact that f(R) effective and ΛCDM

halos have very similar temperature profiles, it follows that

� r

0
dr4πr2(ρf(R)

gas )a(T f(R)
gas )b

≈
�
Mf(R)

Mf(R)
Eff

�a � r

0
dr4πr2(ρΛCDM

gas )a(TΛCDM
gas )b ,

(5)

where a and b are indices of power.

The above relation is one of the key results in this paper and

it indicates the important relation of accumulated gas quanti-

ties between f(R) effective halos and ΛCDM halos. In order

to test the validity and illustrate the use of Eq. (5), we inves-

tigate three most important and frequently used quantities in

cluster surveys as examples. The first one is the x-ray lumi-

nosity LX which, for a cluster, can be written as

LX(< r) =

� r

0
dr4πr2ρ2gasT

1/2
gas . (6)

LX is sensitive to the details of the gas distribution in the cen-

tral region and depends on the dynamical state of the cluster.

As a cluster mass proxy, LX-M has large scatters.
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TABLE I. The average relative differences of scaling relations be-
tween f(R) and ΛCDM models.

BeforeRescaling AfterRescaling

< Lf(R)
X /LΛCDM

X > −1 27.2% 13.1%

< Y f(R)
SZ /Y ΛCDM

SZ > −1 19.7% 3.1%

< Y f(R)
X /Y ΛCDM

X > −1 19.6% 3.2%

The second one is the integrated SZ Compton y-parameter

YSZ(< r) =
σT

mec2

� r

0
dr4πr2Pe , (7)

where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =

2+µ
5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas

� r

0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that

Mf(R)
Eff

Mf(R)
Y f(R)
SZ (Mf(R)

Eff ) ≈ Y ΛCDM
SZ (MΛCDM = Mf(R)

Eff ) ,

�
Mf(R)

Eff

Mf(R)

�2

Lf(R)
X (Mf(R)

Eff ) ≈ L
ΛCDM

X (MΛCDM = Mf(R)
Eff ) ,

Mf(R)
Eff

Mf(R)
Y f(R)
X (Mf(R)

Eff ) ≈ Y ΛCDM
X (MΛCDM = Mf(R)

Eff ) .

(9)

The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].
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where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
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surveys (e.g. [25]).
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =
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The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].
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where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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If we consider the 3-D velocity dispersion σ2
vcdm

as a measure

of the temperature of cold dark matter [21], then β is simply

the ratio of temperatures between cold dark matter and gas.

As shown in Fig. 1, the temperature profile does not vary

significantly outside the core region and so gas and cold dark

matter can be roughly treated as isothermal. Furthermore,

if we assume a hydrostatic equilibrium between them, the

shapes of the gas and dark matter density profile are related

by [22]

β ≈ d ln ρgas/d ln r

d ln ρcdm/d ln r
. (3)

In the ΛCDM model, this feature has been verified by a num-

ber of numerical simulations [23]. As shown in the fourth

row of Fig. 1, it is interesting to find that β is almost identical

in f(R) and ΛCDM models. According to Eq. (3), outside

the core region the gas density profile in f(R) gravity should

trace the dark matter density profile in the same way as that in

the ΛCDM model. As indicated in the second row of Fig. 1,

at r > Rvir/2, in the standard catalog, the gas density pro-

file in f(R) gravity matches the ΛCDM result (blue and black

lines); in the effective catalog, the gas density profile in the

f(R) model matches the ΛCDM one with a rescaled baryon

fraction (red and green lines).

According to the gas density and temperature profiles, it can

be expected that the profiles of other physical quantities that

depend on gas density and temperature should have the fol-

lowing features: inside the core region, effective halos should

behave similarly to ΛCDM halos; outside the core region,

effective halos should resemble ΛCDM halos with rescaled

gas fractions by Mf(R)/Mf(R)
Eff . For illustrative purposes, we

demonstrate the above point by showing the profile of the

surface brightness I(r). Since I(r) ∝ ρgas(r)2Tgas(r)1/2,

in the last row of Fig. 1 we only show the profile of

ρgas(r)2Tgas(r)1/2. It is evident that the ρgas(r)2Tgas(r)1/2

profile has the features as just described the above.

Scaling relations. We next turn to the scaling relations of

accumulated physical quantities. The accumulated quantities,

such as the luminosity LX, describe the properties of clusters

as a whole. In general, they are less sensitive to the profiles

in the core region because the latter has a small volume and

contributes little to the total accumulated value, but they are

more sensitive to the profiles at relatively larger radius. As

noted earlier, outside the core region, the profiles of effective

halos in f(R) gravity closely resemble those in the ΛCDM

model with rescaled gas fractions. This feature, as we shall

show later, can help us build a connection between the scaling

relations of physical quantities of f(R) effective and ΛCDM

halos.

We start with the temperature-mass relation. As shown in

the left panel of Fig. 2, in the standard catalog, the gas temper-

atures of unscreened f(R) halos are higher than those of the

ΛCDM haloes with the same masses, which is consistent with

FIG. 2. Gas temperature as a function of halo mass in the ΛCDM

model (black symbols) and f(R) gravity (red symbols). Left: the

standard halo catalogue of f(R) gravity is used. Right: the effective

halo catalogue of f(R) gravity is used. The shaded regions represent

1σ scatter.

what was found in [24] . However, in the effective catalog, as

shown in the right panel of Fig. 3, the Tgas-M relation in the

two models agree very well to each other
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This is a natural result from the gas temperature profile as

discussed above.
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where rcore is the core radius. For an f(R) effective halo with

the same mass as a ΛCDM halo, Mf(R)
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, from the

above equation and the fact that f(R) effective and ΛCDM

halos have very similar temperature profiles, it follows that
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where a and b are indices of power.

The above relation is one of the key results in this paper and

it indicates the important relation of accumulated gas quanti-

ties between f(R) effective halos and ΛCDM halos. In order

to test the validity and illustrate the use of Eq. (5), we inves-

tigate three most important and frequently used quantities in

cluster surveys as examples. The first one is the x-ray lumi-

nosity LX which, for a cluster, can be written as
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As a cluster mass proxy, LX-M has large scatters.
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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TABLE I. The average relative differences of scaling relations be-
tween f(R) and ΛCDM models.
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X > −1 27.2% 13.1%

< Y f(R)
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X > −1 19.6% 3.2%

The second one is the integrated SZ Compton y-parameter

YSZ(< r) =
σT

mec2
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0
dr4πr2Pe , (7)

where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =

2+µ
5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas

� r

0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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The second one is the integrated SZ Compton y-parameter

YSZ(< r) =
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dr4πr2Pe , (7)

where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =
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5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas
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0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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TABLE I. The average relative differences of scaling relations be-
tween f(R) and ΛCDM models.
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The second one is the integrated SZ Compton y-parameter

YSZ(< r) =
σT

mec2
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dr4πr2Pe , (7)

where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =

2+µ
5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas
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0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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(9)

The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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Pgas/ρgas/(γ − 1)
=

µmpσ2
vcdm

3kBT
. (2)

If we consider the 3-D velocity dispersion σ2
vcdm

as a measure

of the temperature of cold dark matter [21], then β is simply

the ratio of temperatures between cold dark matter and gas.

As shown in Fig. 1, the temperature profile does not vary

significantly outside the core region and so gas and cold dark

matter can be roughly treated as isothermal. Furthermore,

if we assume a hydrostatic equilibrium between them, the

shapes of the gas and dark matter density profile are related

by [22]

β ≈ d ln ρgas/d ln r

d ln ρcdm/d ln r
. (3)

In the ΛCDM model, this feature has been verified by a num-

ber of numerical simulations [23]. As shown in the fourth

row of Fig. 1, it is interesting to find that β is almost identical

in f(R) and ΛCDM models. According to Eq. (3), outside

the core region the gas density profile in f(R) gravity should

trace the dark matter density profile in the same way as that in

the ΛCDM model. As indicated in the second row of Fig. 1,

at r > Rvir/2, in the standard catalog, the gas density pro-

file in f(R) gravity matches the ΛCDM result (blue and black

lines); in the effective catalog, the gas density profile in the

f(R) model matches the ΛCDM one with a rescaled baryon

fraction (red and green lines).

According to the gas density and temperature profiles, it can

be expected that the profiles of other physical quantities that

depend on gas density and temperature should have the fol-

lowing features: inside the core region, effective halos should

behave similarly to ΛCDM halos; outside the core region,

effective halos should resemble ΛCDM halos with rescaled

gas fractions by Mf(R)/Mf(R)
Eff . For illustrative purposes, we

demonstrate the above point by showing the profile of the

surface brightness I(r). Since I(r) ∝ ρgas(r)2Tgas(r)1/2,

in the last row of Fig. 1 we only show the profile of

ρgas(r)2Tgas(r)1/2. It is evident that the ρgas(r)2Tgas(r)1/2

profile has the features as just described the above.

Scaling relations. We next turn to the scaling relations of

accumulated physical quantities. The accumulated quantities,

such as the luminosity LX, describe the properties of clusters

as a whole. In general, they are less sensitive to the profiles

in the core region because the latter has a small volume and

contributes little to the total accumulated value, but they are

more sensitive to the profiles at relatively larger radius. As

noted earlier, outside the core region, the profiles of effective

halos in f(R) gravity closely resemble those in the ΛCDM

model with rescaled gas fractions. This feature, as we shall

show later, can help us build a connection between the scaling

relations of physical quantities of f(R) effective and ΛCDM

halos.

We start with the temperature-mass relation. As shown in

the left panel of Fig. 2, in the standard catalog, the gas temper-

atures of unscreened f(R) halos are higher than those of the

ΛCDM haloes with the same masses, which is consistent with

FIG. 2. Gas temperature as a function of halo mass in the ΛCDM

model (black symbols) and f(R) gravity (red symbols). Left: the

standard halo catalogue of f(R) gravity is used. Right: the effective

halo catalogue of f(R) gravity is used. The shaded regions represent

1σ scatter.

what was found in [24] . However, in the effective catalog, as

shown in the right panel of Fig. 3, the Tgas-M relation in the

two models agree very well to each other

T f(R)
gas (Mf(R)

Eff ) = TΛCDM
gas (MΛCDM) . (4)

This is a natural result from the gas temperature profile as

discussed above.

For gas densities, we have seen above that outside the core

region we have

ρf(R)
gas (r) ≈ Mf(R)

Mf(R)
Eff

ρΛCDM
gas (r) ∝ Mf(R)

Mf(R)
Eff

Ωb
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(r2+r2core)

−3β/2 ,

where rcore is the core radius. For an f(R) effective halo with

the same mass as a ΛCDM halo, Mf(R)
Eff = MΛCDM

, from the

above equation and the fact that f(R) effective and ΛCDM

halos have very similar temperature profiles, it follows that

� r

0
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≈
�
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(5)

where a and b are indices of power.

The above relation is one of the key results in this paper and

it indicates the important relation of accumulated gas quanti-

ties between f(R) effective halos and ΛCDM halos. In order

to test the validity and illustrate the use of Eq. (5), we inves-

tigate three most important and frequently used quantities in

cluster surveys as examples. The first one is the x-ray lumi-

nosity LX which, for a cluster, can be written as

LX(< r) =

� r

0
dr4πr2ρ2gasT

1/2
gas . (6)

LX is sensitive to the details of the gas distribution in the cen-

tral region and depends on the dynamical state of the cluster.

As a cluster mass proxy, LX-M has large scatters.
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The second one is the integrated SZ Compton y-parameter
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dr4πr2Pe , (7)

where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =

2+µ
5 ngaskBTgas .

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas
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0
dr4πr2ρgas , (8)

where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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The second one is the integrated SZ Compton y-parameter
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σT

mec2
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where σT is Stefan-Boltzmann constant, me the electron mass
and c the speed of light. Pe is the electron pressure, which is
given by Pe =
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The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].

YX(< r) = T̄gas
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where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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Fig. 3, from which we can see that without the rescaling of
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in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
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3% (see Table.I). Therefore, using this rescaling method, the
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relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.
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For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11].
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where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
the YX-M scaling relation is often practically used in x-ray
surveys (e.g. [25]).

From Eq. (5), it follows that
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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where T̄gas is the average mass-weighted temperature. YX-
M relation is relatively insensitive to the dynamical state of
clusters and to the detailed modeling of gas physics [6] and
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The numerical results of the scaling relations are shown in
Fig. 3, from which we can see that without the rescaling of
Eqs. (9), the f(R) and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not only
the mean value but also the scatters of the scaling relations
in the two models highly resemble each other (right panels).
In particular, for YSZ and YX after the rescaling the average
relative difference between the models are only at a level of
3% (see Table.I). Therefore, using this rescaling method, the
complicated effect of modified gravity on the cluster scaling
relations can be accurately modelled and the error is much
smaller than the typical uncertainty caused by the modelling
of baryonic physics in galaxy formation (e.g. [6]).

Discussion. In this Letter, we investigated the gas prop-
erties in a representative non-standard gravity model, f(R)
gravity, based on a suite of non-radiative hydrodynamical sim-
ulations. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective ha-
los, which are proposed in [18], in f(R) gravity have similar
temperature profiles as ΛCDM halos with the same masses.

FIG. 3. Cluster x-ray luminosity (upper panels), YSZ parameter (mid-
dle panels) and YX parameter (lower panels) as a function of halo
mass in the ΛCDM model (black symbols) and f(R) gravity (red
symbols). Left: results without the rescaling of Eqs. (9). Right: re-
sults with the rescaling of Eqs. (9). The results are almost identical
in the two models in the latter case, while differences are apparent in
the former case. The shaded regions represent 1σ scatter.

For the gas density profile, effective halos closely resemble
ΛCDM halos in the core region, while outside the core region
they behave like ΛCDM halos with rescaled gas fractions.

Basing on those observations, we have demonstrated that
not only the mean value but also the scatters of the scaling re-
lations of accumulated gas quantities in f(R) effective halos
with rescaled gas mass fractions are very similar to those in
the ΛCDM model, cf. Eq. (5). In particular, for YSZ and YX,
which are the two most frequently used mass proxies in cluster
surveys, our rescaling method enables us to model the effect
of modified gravity on the scaling relations with an accuracy
of ∼ 3%, which is much smaller than the typical uncertainty
caused by the modelling of baryonic physics in galaxy forma-
tion (e.g. [6]). The error in modeling the impact of modified
gravity on the scaling relations is a very minor source of the
overall uncertainty in cluster cosmology. This therefore pro-
vides an accurate way to calibrate the scaling relations in f(R)
gravity and a way to correctly interpret them in the context of
non-standard gravity theories. It will enable us to test gravity
using cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this provides
a reliable way to analyze the gas physics in modified gravity
using much more efficient pure cold dark matter simulations
with the known knowledge in the ΛCDM model.

Although we illustrated our idea with a specific f(R)
model, our main results are expected to apply to other models
such as Dvali-Gabadadze-Porrati model [26] as well. There-
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Figure 2. Scaling relations at z = 0 between the total mass computed within R500 and three mass proxies: Mgas, Tmw and YX. The
evolution of the relation is scaled accordingly, with ! = 0, 1 and 2/5, respectively. On each figure we plot the results for non-radiative
(blue open squares) and radiative (red filled circles) runs for clusters in Set 1 with Mvir > 5 ! 1013 h!1M". The short dashed (red)
and dashed (blue) lines are the best fit relations of respectively radiative and non–radiative cluster simulations with slopes fixed to the
self–similar value. Left panel: scaling with Mgas; central panel: scaling with mass–weighted temperature, Tmw; right panel: scaling with
YX. The values of Tmw appearing in the central panel and entering in the computation of YX in the right panel are computed within the
radial range (0.15–1)R500 .

Figure 3. Distributions of the residuals in log–mass in the scaling relations at z = 0 between mass proxies and Mtot,500, for the non–
radiative (upper red histograms) and radiative (lower blue histograms) runs of simlated clusters from Set 1. Residuals are computed
with respect to the relation that fits at best the simulated clusters data. Left panel: scaling with Mgas; central panel: scaling with
mass–weighted temperature, Tmw; right panel: scaling with YX. Dotted curves in green show the Gaussian distribution having the same
variance of the distribution of residuals in mass (as reported in Tables 1, 2 and 3).

such regions suppresses the scatter in the scaling relation
involving temperature (e.g., Pratt et al. 2009, and refer-
ences therein). Furthermore, it places us in the regime where
simulations are in closer agreement with observations (e.g.,
Borgani et al. 2004). The choice of the radial interval where
to compute mass proxies represents our only attempt to in-
troduce “observational e!ects” in our analysis. Indeed, in
this paper (Paper I) we prefer to analyse in detail the in-
trinsic performances of the three above mass proxies, i.e.
neglecting any possible observational bias which will be ad-
dressed in Paper II (Rasia et al., in prep.). We want to stress
out that in this analysis i) we estimate all quantities in three-
dimensions (i.e., neglecting projection e!ects); ii) unless oth-
erwise stated, we use the mass–weighted definition of tem-
perature; iii) we do not remove gas clumps at relatively low

temperature when we compute both temperature and gas
mass.

The simplest description of scaling relations between
galaxy cluster mass and X–ray observables is that provided
by the self–similar model originally proposed by (Kaiser
1986). According to this model, the thermodynamical prop-
erties of the ICM are determined only by the action of grav-
ity, under the assumption of virial equilibrium and spherical
simmetry (e.g., Voit 2005b, for a review). Within this model
cluster total mass is the only parameter that determines all
the thermodynamical properties of the hot intra–cluster gas.
Accordingly, the cluster gas mass within the radius R! is
proportional to the total mass computed within the same
radius,

Mtot,! = CMgMgas,! , (1)
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Figure 3. Distributions of the residuals in log–mass in the scaling relations at z = 0 between mass proxies and Mtot,500, for the non–
radiative (upper red histograms) and radiative (lower blue histograms) runs of simlated clusters from Set 1. Residuals are computed
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mass–weighted temperature, Tmw; right panel: scaling with YX. Dotted curves in green show the Gaussian distribution having the same
variance of the distribution of residuals in mass (as reported in Tables 1, 2 and 3).

such regions suppresses the scatter in the scaling relation
involving temperature (e.g., Pratt et al. 2009, and refer-
ences therein). Furthermore, it places us in the regime where
simulations are in closer agreement with observations (e.g.,
Borgani et al. 2004). The choice of the radial interval where
to compute mass proxies represents our only attempt to in-
troduce “observational e!ects” in our analysis. Indeed, in
this paper (Paper I) we prefer to analyse in detail the in-
trinsic performances of the three above mass proxies, i.e.
neglecting any possible observational bias which will be ad-
dressed in Paper II (Rasia et al., in prep.). We want to stress
out that in this analysis i) we estimate all quantities in three-
dimensions (i.e., neglecting projection e!ects); ii) unless oth-
erwise stated, we use the mass–weighted definition of tem-
perature; iii) we do not remove gas clumps at relatively low

temperature when we compute both temperature and gas
mass.

The simplest description of scaling relations between
galaxy cluster mass and X–ray observables is that provided
by the self–similar model originally proposed by (Kaiser
1986). According to this model, the thermodynamical prop-
erties of the ICM are determined only by the action of grav-
ity, under the assumption of virial equilibrium and spherical
simmetry (e.g., Voit 2005b, for a review). Within this model
cluster total mass is the only parameter that determines all
the thermodynamical properties of the hot intra–cluster gas.
Accordingly, the cluster gas mass within the radius R! is
proportional to the total mass computed within the same
radius,

Mtot,! = CMgMgas,! , (1)
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Figure 6. Scaling relations at z = 0 between the total mass and three mass proxies (YX and Mgas computed inside R500, Tmw evaluated
extracting the central 0.15R500). The evolution of the relation is scaled accordingly, with ! = 2/5, 0 and 1, respectively. Best fits of
non–radiative Set 2 simulations are represented by long dashed green and short dashed blue lines (NR-RV and NR-SV respectively),
compared with the best fit of the Set 1 NR-SV clusters with red continuous line. For this comparison we scaled the results of Mgas and
Tmw obtained for clusters of Set 1 simulations to the baryon fraction of Set 2.

Figure 7. E!ect of di!erent physics models on scaling relations between total mass and YX, Mgas and Tmw at z = 0 for the radiative
simulations of Set 1. The evolution of the relation is scaled accordingly, with ! = 2/5, 0 and 1, respectively. For each simulated physics
we plot cluster data with purple dots (CSF), cyan squares (CSF-C), blue triangles (CSF-M-NW), green diamonds (CSF-M-W) and red
triangles (CSF-M-AGN). For clarity, data points are overplotted with the best-fitting relation for each of the five physics, using the same
colour coding of the points.

4 CONCLUSIONS

Galaxy clusters are powerful tools for cosmological studies,
since the evolution of their mass function constrain the nor-
malization of the power spectrum, the density parameter
of dark matter and dark energy as well as the dark energy
equation of state, through the linear growth rate of density
perturbations. When observed in the X–ray band, their high
emissivity allows clusters to be detected so far out to high
redshifts, z ! 1.5. However, to fully exploit the potential of
galaxy clusters as tracers of cosmic evolution, it is necessary
to understand in detail the relation between mass proxies,

based on easy-to-measure X–ray observables, and total clus-
ter mass.

In this paper we focused on the study of the Mgas Tmw

and YX mass proxies and the e!ect that di!erent physical
mechanisms have on the mass–observable relations. The aim
of this analysis was to answer through simulations to three
questions: (1) Which is the mass proxy that is least sensitive
to the uncertain knowledge of the physical processes deter-
mining the thermodynamical structure of the ICM? (2) To
what extent such mass proxies follow the prediction of the
self–similar model for the shape of scaling relations and their
redshift evolution? (3) How large is the intrinsic scatter in
these scaling relations and how does it evolve with redshift?

c! 0000 RAS, MNRAS 000, 000–000

Uncertainty in galaxy formation affects scaling relations to the level 
of ~15%, much larger than the 3% error in the above method

Fabjan et al. 2011
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Figure 2. Scaling relations at z = 0 between the total mass computed within R500 and three mass proxies: Mgas, Tmw and YX. The
evolution of the relation is scaled accordingly, with ! = 0, 1 and 2/5, respectively. On each figure we plot the results for non-radiative
(blue open squares) and radiative (red filled circles) runs for clusters in Set 1 with Mvir > 5 ! 1013 h!1M". The short dashed (red)
and dashed (blue) lines are the best fit relations of respectively radiative and non–radiative cluster simulations with slopes fixed to the
self–similar value. Left panel: scaling with Mgas; central panel: scaling with mass–weighted temperature, Tmw; right panel: scaling with
YX. The values of Tmw appearing in the central panel and entering in the computation of YX in the right panel are computed within the
radial range (0.15–1)R500 .

Figure 3. Distributions of the residuals in log–mass in the scaling relations at z = 0 between mass proxies and Mtot,500, for the non–
radiative (upper red histograms) and radiative (lower blue histograms) runs of simlated clusters from Set 1. Residuals are computed
with respect to the relation that fits at best the simulated clusters data. Left panel: scaling with Mgas; central panel: scaling with
mass–weighted temperature, Tmw; right panel: scaling with YX. Dotted curves in green show the Gaussian distribution having the same
variance of the distribution of residuals in mass (as reported in Tables 1, 2 and 3).

such regions suppresses the scatter in the scaling relation
involving temperature (e.g., Pratt et al. 2009, and refer-
ences therein). Furthermore, it places us in the regime where
simulations are in closer agreement with observations (e.g.,
Borgani et al. 2004). The choice of the radial interval where
to compute mass proxies represents our only attempt to in-
troduce “observational e!ects” in our analysis. Indeed, in
this paper (Paper I) we prefer to analyse in detail the in-
trinsic performances of the three above mass proxies, i.e.
neglecting any possible observational bias which will be ad-
dressed in Paper II (Rasia et al., in prep.). We want to stress
out that in this analysis i) we estimate all quantities in three-
dimensions (i.e., neglecting projection e!ects); ii) unless oth-
erwise stated, we use the mass–weighted definition of tem-
perature; iii) we do not remove gas clumps at relatively low

temperature when we compute both temperature and gas
mass.

The simplest description of scaling relations between
galaxy cluster mass and X–ray observables is that provided
by the self–similar model originally proposed by (Kaiser
1986). According to this model, the thermodynamical prop-
erties of the ICM are determined only by the action of grav-
ity, under the assumption of virial equilibrium and spherical
simmetry (e.g., Voit 2005b, for a review). Within this model
cluster total mass is the only parameter that determines all
the thermodynamical properties of the hot intra–cluster gas.
Accordingly, the cluster gas mass within the radius R! is
proportional to the total mass computed within the same
radius,

Mtot,! = CMgMgas,! , (1)
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erwise stated, we use the mass–weighted definition of tem-
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galaxy cluster mass and X–ray observables is that provided
by the self–similar model originally proposed by (Kaiser
1986). According to this model, the thermodynamical prop-
erties of the ICM are determined only by the action of grav-
ity, under the assumption of virial equilibrium and spherical
simmetry (e.g., Voit 2005b, for a review). Within this model
cluster total mass is the only parameter that determines all
the thermodynamical properties of the hot intra–cluster gas.
Accordingly, the cluster gas mass within the radius R! is
proportional to the total mass computed within the same
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Mtot,! = CMgMgas,! , (1)
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Figure 6. Scaling relations at z = 0 between the total mass and three mass proxies (YX and Mgas computed inside R500, Tmw evaluated
extracting the central 0.15R500). The evolution of the relation is scaled accordingly, with ! = 2/5, 0 and 1, respectively. Best fits of
non–radiative Set 2 simulations are represented by long dashed green and short dashed blue lines (NR-RV and NR-SV respectively),
compared with the best fit of the Set 1 NR-SV clusters with red continuous line. For this comparison we scaled the results of Mgas and
Tmw obtained for clusters of Set 1 simulations to the baryon fraction of Set 2.

Figure 7. E!ect of di!erent physics models on scaling relations between total mass and YX, Mgas and Tmw at z = 0 for the radiative
simulations of Set 1. The evolution of the relation is scaled accordingly, with ! = 2/5, 0 and 1, respectively. For each simulated physics
we plot cluster data with purple dots (CSF), cyan squares (CSF-C), blue triangles (CSF-M-NW), green diamonds (CSF-M-W) and red
triangles (CSF-M-AGN). For clarity, data points are overplotted with the best-fitting relation for each of the five physics, using the same
colour coding of the points.

4 CONCLUSIONS

Galaxy clusters are powerful tools for cosmological studies,
since the evolution of their mass function constrain the nor-
malization of the power spectrum, the density parameter
of dark matter and dark energy as well as the dark energy
equation of state, through the linear growth rate of density
perturbations. When observed in the X–ray band, their high
emissivity allows clusters to be detected so far out to high
redshifts, z ! 1.5. However, to fully exploit the potential of
galaxy clusters as tracers of cosmic evolution, it is necessary
to understand in detail the relation between mass proxies,

based on easy-to-measure X–ray observables, and total clus-
ter mass.

In this paper we focused on the study of the Mgas Tmw

and YX mass proxies and the e!ect that di!erent physical
mechanisms have on the mass–observable relations. The aim
of this analysis was to answer through simulations to three
questions: (1) Which is the mass proxy that is least sensitive
to the uncertain knowledge of the physical processes deter-
mining the thermodynamical structure of the ICM? (2) To
what extent such mass proxies follow the prediction of the
self–similar model for the shape of scaling relations and their
redshift evolution? (3) How large is the intrinsic scatter in
these scaling relations and how does it evolve with redshift?

c! 0000 RAS, MNRAS 000, 000–000

This can be an efficient way to find O-M relations in nonstandard 
models using the knowledge for LCDM, without having to do very  
expensive hydro simulations for nonstandard models

Fabjan et al. 2011
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Figure 3. (Colour online) The evolution of fgas in 4 models with the same
cosmic value of!b/!m from Planck Collaboration, Ade et al. (2015). The
models are, respectively, "CDM (black solid line), and Hu-Sawicki n = 1
f(R) model with |f̄R0| = 3 ! 10!5 (blue dotted line), 5 ! 10!5 (green
dashed line) and 10!4 (red dot-dashed line). Black triangles with error bars
are the fgas values of the 42 clusters used in Allen et al. (2008, Tab 3). The
blue shaded region denotes the standard deviation around the mean fgas for
the model with |f̄R0| = 3 ! 10!5, for illustration, which shows that the
theoretical uncertainty is roughly of the same order as current observational
errors in fgas; therefore, the constraining power can be further improved if
either of these uncertainties is reduced in the future.

shows that model parameters |f̄R0| ! 3" 5# 10!5 are in tension
with the gas fraction data of the 42 clusters from Allen et al. (2008),
though a more rigorous constraint will be left for future work.

fgas has been a rather widly-used observable (e.g., White et al.
1993), and its power in constraining cosmology – in particular dark
energy models – is convincingly demonstrated in various previous
works (e.g., Sasaki 1996; Allen et al. 2004, 2008). The inclusion of
baryons opens a new dimension for tests of gravity, since ultimately
most cosmological observables can be tracked back to lights emit-
ted by interactions involving baryons. In the mean time, the physics
of the X-ray-emitting hot gas in massive clusters is relatively clean,
making it easier both for the modelling and to use the observational
data. As an example, the assumption that gas temperature depends
on the gravitational potential and our main conclusions that (i) f"

gas

– the true gas fraction – is unchanged with modified gravity while
(ii) fobs

gas is changed are supported by hydrodynamical simulations
in f(R) gravity (e.g., He & Li 2015b). Some uncertainties remain
in relating fgas to!b/!m, but these have been included in the error
budget estimate above. Furthermore, within our current state of un-
derstanding, slightly changing its modelling (e.g., from Allen et al.
(2004) to Allen et al. (2008)) does not change results drastically.

Here, we would like to emphasise the use of effective haloes
(He et al. 2015a) in our analysis. Though the idea has a similar ori-
gin as that of the dynamical mass of halo (e.g., Schmidt 2010), there
are fundamental differences. Dynamical mass is a certain attribute
of a given halo which is defined in the standard way, while effective
halo is a completely new way to define and identify haloes. Given

an effective halo, all gravitational effect can be calculated from GR,
and in particular this means that the way in which fgas is currently
extracted from observational data – and the resulting fgas results –
can be directly used for our purpose. Thus, with a little extra effort
from the people who generate a halo catalogue, the analyses of end
users can be made much more straightforward, and this provides an
efficient bridge between simulators, theorists and observers.

One may naturally wonder about the generality of this method.
As a cosmological test, it relies on galaxy clusters being totally or
partially unscreened. Because we are talking about massive clusters
which tend to be better screened, this test, like most other cosmo-
logical ones, will probably not be able to constrain f̄R0 to substan-
tially smaller than the quoted values here. However, it does provide
a fairly clean test – with good observational data available – that has
the potential to place one of the strongest constraints from cosmol-
ogy on f(R) gravity. Also, one can always combine fgas and other
observables, such as lensing (Terukina et al. 2014), cluster scaling
relations (e.g. Arnold, Puchwein & Springel 2014), and cluster gas
pressure profiles (De Martino et al. 2014), to place joint, and likely
stronger, constraints. In principle, the test would be more powerful
if observational data for smaller galaxy clusters (e.g., those in the
mass range 1013 ! 1014h!1M#) and galaxy groups are included,
because these objects are less screened and so gravity deviates more
from GR in general. This, however, requires a better understanding
of the feedbacks in different models, which are not well studied so
far.

The test can be applied not only to f(R) gravity and the more
general chameleon theory, but also to similar models such as dila-
tons (Brax et al. 2011) and symmetrons (Hinterbichler & Khoury
2010). These models are all featured by a universal coupling of all
matter species to a scalar field, that effectively enhances the gravity
for all particles (at least in unscreened regimes). There are models
in which only certain matter species, e.g.. dark matter, experiences
the scalar coupling: therein, baryons can still feel a different gravity
depending on how the dark matter particle mass evolves with time,
in which case the proposed test does apply. In addition to these the-
ories, we have mentioned above the DGP, Galileon and k-mouflage
models. In the first two classes, the deviations from GR are strongly
suppressed inside dark matter haloes (Barreira et al. 2013, 2014b),
and so we do not expect the new test to work. For K-mouflage, as is
for the so-called non-local gravity (Maggiore & Mancarella 2014;
Dirian et al. 2014; Barreira et al. 2014a), there can be a time evolu-
tion of Newton’s constant inside clusters, making it possible to use
this test. However, one needs to bear in mind that in many of these
theories the background evolution history is also modified, and that
can affect the fgas test (whether it leads to degeneracies or stronger
constraints can only be told by a case-by-case study in the future).

As mentioned earlier, the aim of this paper is to illustrate the
main idea of using fgas as a test of gravity theories, and therefore
we have made a simplified estimate and have not quoted any numer-
ical results on the confidence levels of the constrained fR0. A more
complete and rigorous analysis will require one to relax the simpli-
fication that all observed clusters share the same mass, radius and
concentration, and use the real observational results of these for all
clusters. If the cluster mass is obtained from its dynamical effects,
we also need to account for the fact that different clusters may have
experienced different degrees of screening, and so a more accurate
modelling of the screening is needed to compute the cluster mass
profile. These will be left for future work. We note that hydrody-
namical simulations for modified gravity theories started to appear
recently (e.g., Arnold, Puchwein & Springel 2014; Hammami et al.

systematics due to depletion, 
non-thermal pressure, stars...

symbols: data for 42 clusters 
from Allen et al. 2008

black line: LCDM

coloured lines: f(R) gravity
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most cosmological observables can be tracked back to lights emit-
ted by interactions involving baryons. In the mean time, the physics
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making it easier both for the modelling and to use the observational
data. As an example, the assumption that gas temperature depends
on the gravitational potential and our main conclusions that (i) f"
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in relating fgas to!b/!m, but these have been included in the error
budget estimate above. Furthermore, within our current state of un-
derstanding, slightly changing its modelling (e.g., from Allen et al.
(2004) to Allen et al. (2008)) does not change results drastically.
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(He et al. 2015a) in our analysis. Though the idea has a similar ori-
gin as that of the dynamical mass of halo (e.g., Schmidt 2010), there
are fundamental differences. Dynamical mass is a certain attribute
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an effective halo, all gravitational effect can be calculated from GR,
and in particular this means that the way in which fgas is currently
extracted from observational data – and the resulting fgas results –
can be directly used for our purpose. Thus, with a little extra effort
from the people who generate a halo catalogue, the analyses of end
users can be made much more straightforward, and this provides an
efficient bridge between simulators, theorists and observers.
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Summary

• Nonstandard models exist to explain the cosmic acceleration, 
as the standard model has no solid theoretical foundation.

• Parameterisations can be used to enable more efficient studies 
of the nonstandard models.

• Simulations are a useful and accurate tool to make theoretical 
predictions.

• Connections to observations can be made to allow model 
constraints. Promising results already exist.

• Future observations will further improve this situation. But 
more needs to be done.


